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Abstract. We describe and illustrate three categories methods that help decide on

whether risk factors, underlying portfolio risk measurement framework such as VaR,
should be represented as returns or differences (or some hybrid form). Methods in

the first category rank alternative representations by their performance with respect to

stationarity tests or measures of goodness of fit with respect to a particular unconditional
residual distribution (e.g., Student t). These methods are largely informal and must be

handled with care, as the two representations are not nested, goodness-of-fit tests can be
biased if their null distributions are themselves estimated, traditional unit root tests of
stationarity are designed to address somewhat different question, while homoscedasticity

tests tend to have power only against specific alternatives, are sensitive to non-normality
and often inconclusive. Second category of methods revolves around some form of elasticity
of volatility model which conveniently nests both return and difference representations.

Depending on the time-series in question, and one’s willingness to make distributional
or prior assumptions, GMM, maximum likelihood or Bayesian estimation procedures
can be called for. Third category nests return and difference representations in wider

non-parametric class and includes methods to estimate the volatility as a smooth function
of the level, allowing for a possibility of functional representation switch depending on
the level. The methods are illustrated using daily interest rate swap data, for which we

find that the return formulation is preferable when rates are below roughly 2.8%, as is
prevalent in most recent four year sub-sample, while the difference representation works

better for rates above this cutoff.

JEL classification: C11; C58
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1. Introduction

Accurate portfolio risk measurement is predicated on striking the right balance between
two sources information that impinge on the risk forecast – current market conditions and
historical experience. Indeed, a key assumption underlying risk measurement methodologies
is that future looks like the past.1

A technical basis for treating future like the past is the concept of stationarity, meaning
that the joint probability distribution of potential losses for a fixed portfolio does not change
when shifted in time. Since the potential loss distribution of a portfolio is assembled from
arbitrary exposures to risk factors, it follows that risk factors themselves should be expressed
in stationary form. Expressing time-series in a stationary form is a way of addressing frequent
critique of risk estimates as based on the data that is no longer relevant to the current
conditions. In stationary form, all data look statistically similar and retain their relevance.

Date: September 13, 2012.
Version 2.02.

Standard disclaimer applies. Preliminary and Incomplete. Do not quote.
1Value-at-Risk (VaR) models, in use at most banks to satisfy market risk capital requirements and

concerning with tail risks during “normal” times, identify the relevant past by selecting relatively short
recent time window, typically no longer than 4 years. Stress scenarios, on the other hand, may look further

into the past for guidance on large shock magnitudes and their frequency of incidence.
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At its core, the entire field of time-series econometrics can be viewed as a quest to
suitably transform data in order to achieve stationarity. For instance, models for detrending,
seasonal adjustment and even GARCH all revolve around separating predictable features
from purely random noise that is distributed independently and identically over time. A
direct consequence for more precise risk measurement would be to apply transformation to
stationarity to all the risk factors, either one at a time or, better still, jointly. Indeed, this
is the approach taken in assorted academic and regulatory papers advocating the use of
GARCH for VaR (see, e.g., Angelidis, Benos, and Degiannakis (2004) and references therein).
Unfortunately, for large portfolios exposed literally to thousands of different risk factors, the
method of fitting sophisticated time-series model to either entire set of factors jointly or
to individual series one at a time founders on the reefs of dimensionality, complexity and
implementability.

It should be of no surprise, then, that, currently, only two forms of risk factor functional
representation are widely used, relative change (returns) and absolute change (differences),
and the choice between the two can have a nontrivial impact on the estimated value-at-risk.
As the nature of the risk factor time series going into the overall risk measurement framework
may evolve over time, the choice of functional form should be periodically re-evaluated.
Similarly, for a novel risk factor the choice should be established from scratch. This paper
aims to lay out supporting statistical foundations to making intelligent choice about risk
functional form. In doing so, it provides both description of several statistical methods
behind the choice and guidance to the practical application.

The statistical methods for the functional form choice that we discuss fall into three broad
categories. First category of methods takes as given that the only two options – returns or
differences – are available. Methods in this category attempt to rank the two alternatives
based on statistical criteria such as goodness-of-fit measures or stationarity tests. We argue
that such non-nested approaches must be applied with caution. Goodness-of-fit criteria could
be a shaky basis for functional form comparison, for two reasons. First, goodness-of-fit is a
joint hypothesis of appropriate functional form transformation and parametric distributional
assumptions. Fitting parsimonious parametric forms to unconditional distributions of most
financial time-series is likely to be overwhelmingly rejected no matter the transformation
used, while fitting complex flexible models may lead to the in-sample non-rejection for both
forms and failure out-of-sample. Second, many of these tests (such as Kolmogorov-Smirnov
or Anderson-Darling) are biased when the null distribution is itself estimated (as opposed to
pre-specified in advance).2 That is not too mention low power in finite samples. Testing for
stationarity must also be handled with care. Oftentimes, testing for stationarity is taken to
mean testing for unit roots but that only relates to the first order stationarity, telling us
whether a time-series has a stochastic trend and whether it needs to be further differenced
in order to achieve stationarity. For risk measurement this is insufficient, especially as most
daily financial time-series tend not to have unit roots over medium-term sample periods,
whether measured in returns or differences, leading to inconclusive and inconsistent ranking
of the two forms. Second- (and higher-) order stationarity is more important, as are issues of
structural breaks and regime switches. A battery of heteroscedasticity tests, as exemplified
by section 3.3, is a better starting point even when these tests have power only against
specific alternatives.

The second category of methods centers around constant elasticity of variance (CEV)
specification and include some of its extensions. The main merit of this approach is that
CEV nests both returns and differences, thus standard tests could be used to discriminate
the two. Depending on the strengths of assumptions one is willing to make, there are several
estimation and testing techniques available. At the one extreme is Generalized Method
of Moments (GMM) approach that only uses limited information embodied in selected

2Modifications to Kolmogorov-Smirnov and Anderson-Darling test are available for select parametric

families of null distributions.



RISK FORM SELECTION 3

moment or orthogonality conditions. No assumption is made about the distributional form
of residuals. If, on the other hand, we are willing to commit to a particular distribution of
residuals, maximum likelihood estimation approach exploits this additional information to
gain further statistical efficiency. At the other extreme, Bayesian methods allow incorporating
prior information to restrict parameter space more tightly and guide inference toward more
intuitively appealing regions in the parameter space. Aside from ability to incorporate
prior information, Bayesian methods have some technical advantages as well. For example,
Bayesian approach eschews difficult issues of multivariate optimization that plague maximum
likelihood and GMM. Furthermore, posterior inference does not rely on any asymptotic
approximations and so applies in finite sample. Hence, it will result in tighter confidence
sets and more precise inference, assuming the model is correctly specified.3 Finally, it
could be more easily extended to a multivariate panel setting where multiple time-series are
constrained to have common elasticity of variance. In the interest rate modeling practice, the
assumption of constant elasticity of variance appears too restrictive. Patterns in elasticity
estimators over subsamples and along the yield curve suggest that, instead, elasticity of
volatility tends to decline as the rates rise. To accommodate this feature we propose a couple
of variable elasticity models.

Third category nests the return and difference specifications within even richer functional
class of diffusion coefficient representations that is described non-parametrically. In other
words, the object of estimation is now the conditional volatility function σ(·). Particular
case of constant function specifies difference representation, while linear functions correspond
to return representation. While a variety of intermediate shapes is possible, which makes
it harder to form a definitive conclusion about functional form for the entire range of
values that a time-series can take, the diffusion function representation facilitates local
functional form choice, i.e., choice conditional on current levels of the series. In other
words, if diffusion coefficient function appears more or less constant within some range,
the difference specification is preferred within that range. Elsewhere, in regions of rapidly
changing volatility, the return representation would likely work better. The additional
flexibility of being able to switch between representations depending on the level of the
series could therefore be useful. Combining methods in this category with variable elasticity
models from the second category yields a fairly robust conclusion that the interest rate swap
rates should be modeled as returns below roughly 280 basis points and as differences above
the cutoff.

The rest of the paper is organized as follows. Section 2 provides brief description of the
interest rate swaps dataset we use to illustrate our methods. Section 3 is dedicated to the
critical analysis of non-nested approaches such as goodness-of-fit tests (section 3.1), unit
root tests (section 3.2) and heteroscedasticity tests (section 3.3). Section 4 lays out CEV
model and three ways to estimate it, with sections 5 and 6 extending the model to the panel
and variable elasticity settings. Section 7 presents piecewise hybrid elasticity model. Section
8 describes non-parametric method of estimating the volatility function. Finally, section 9
offers concluding remarks.

2. Sample Risk Factor Dataset

To put the issue into the practical perspective, we study risk form selection on a recent
daily dataset of non-seasonally-adjusted US dollar interest rate swap rates over July 3, 2000
through July 26, 2012 (3019 data points excluding holidays) from the Federal Reserve Bank
of St. Louis database. All 8 series are plotted in figure 1 with shaded areas representing the
last four and last one years of data. Visual inspection of plots of returns and differences in
figure 2 indicates that the difference representation looks more uniformly jagged throughout
the entire sample, and thus appear to have a better chance of selection. Post mid-2007, the

3Indeed, Chan, Karolyi, Longstaff, and Sanders (1992) estimate scale of variance so imprecisely that the

parameter is not significantly different from zero.
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Figure 1. US dollar interest rate swap rates.

return time-series visually appear to have less time variation in volatility. Statistical analysis
that follows will generally reinforce these initial observations.

3. Non-nested Tests

3.1. Goodness-of-Fit Measures. Measures of goodness-of-fit typically summarize the dis-
crepancy between observed values and values implied by hypothesized statistical distribution
or statistical model. To use these measures for ranking alternative functional forms we have
to make assumption about unconditional distribution that the data under the two alternative
representation have to satisfy.

While the most common kind of distributional assumption is that of normality, financial
time-series are notorious for their non-normality, so we are not even going to try normal
distribution as the null.4 Instead, we will be using location-scale Student t distribution In
this case, the hypothesis of difference representation is

(3.1) ∆rt ∼ t
(
µd, σ

2
d, νd

)
,

also known as normal representation, while that of return representation5 is

(3.2)
∆rt
rt−1

∼ t
(
µr, σ

2
r , νr

)
.

4p-value of the null of normality for a one-year sample using either representation is on the order of 10−50.
5For small changes, ∆rt/rt−1 ≈ ∆ log rt , which justifies calling (3.2) log-normal representation.
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Figure 2. Changes in US dollar interest rate swap rates.

Thus, the idea here is to produce goodness-of-fit measures and compare them across the two
representations. Importantly, one has to select measures that are invariant with respect scale
and location, which excludes a number of popular measures such as root mean square error.
Below we explore the utility of few common ones.

3.1.1. Pearson’s χ2 Statistics. The Pearsons goodness-of-fit statistics is one of the best known
ways to evaluate the agreement between fitted and empirical distribution. It is given by

(3.3) P (g) =

g∑
i=1

(ni − Eni)2

Eni
,

where g is a number of cells, ni is the number of observations in cell i, and Eni is the expected
number of observations (based on maximum likelihood estimates). For i.i.d. observations
the asymptotic distribution of P (g) under the null of correct distribution is χ2

g−k−1 where
k is the number of independent parameters fitted. This test is in fact equivalent to an
in-sample density forecast test (Diebold, Gunther, and Tay, 1998). The Pearsons statistics is
therefore small when all of the observed counts (proportions) are closed to expected counts
(proportions) and it is large when one or more of the expected proportions deviates notably
from what is expected under the null hypothesis of the two distributions being the same.
The choice of the number of cells used to evaluate the statistics is far from obvious. Palm
and Vlaar (1997) propose g = 50 when the number of observations is 2252, and suggest that
the number of cells increase at the rate N0.4. Accordingly, we use floor

(
2.28N0.4

)
as our

preferred cell size.
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3.1.2. Information Criteria. Information criteria are grounded in the concept of entropy,
in effect offering a relative measure of the information lost when a given model is used to
describe reality. Information criteria can be said to describe the tradeoff between bias and
variance in model construction, or, loosely speaking, between precision and complexity of
the model. Information criteria make direct use of the maximum likelihood estimates of
the fitted distribution, thus they directly judge which distribution is more likely to have
generated the data. Alternative information criteria differ in the way the penalize the
number of parameters. Since the number of parameters in (3.1) and in (3.2) is the same, the
choice among different information criteria does not matter. We use the Akaike Information
Criterion with correction for finite sample size (Brockwell and Davis, 1998).

3.1.3. Kolmogorov-Smirnov-Lilliefors and Anderson-Darling Tests. The Kolmogorov-Smirnov
test (KS test) is a nonparametric test of equality of one-dimensional probability distributions
used to compare a sample with a reference probability distribution. The Kolmogorov-Smirnov
statistic quantifies a distance between the empirical distribution function of the sample and
the cumulative distribution function of the reference distribution. The null distribution of
this statistic assumes that the sample is drawn from the reference distribution.

The Kolmogorov-Smirnov test can be modified to serve as a goodness-of-fit test. However,
if the reference distribution is estimated instead of being specified in advance, the p-values are
incorrect. Correcting Kolmogorov-Smirnov test for this bias when the parameters estimated
are parameters of scale and location leads to the Lilliefors family of tests (Lilliefors, 1967).
Adjustment are specific to a chosen scale-location family of distributions and have not been
developed in the literature for Student t distributions (with pre-specified degrees of freedom).
It is also known that using the sample to modify the null hypothesis reduces the power of a
test.

An alternative to Kolmogorov-Smirnov-Lilliefors test is the Anderson-Darling statistics that
weighs the squared distance between the empirical and the reference cumulative distribution
functions by the inverse of its variance, emphasizing more the tails of the distributions
than the Kolmogorov-Smirnov distance. The Anderson-Darling test can also serve as a
goodness-of-fit-test and needs similar bias adjustments to enable testing when the reference
distribution is from a location-scale family with estimated location-scale parameters.

Since bias correction for both tests only works for location-scale families and depend on the
shape of the reference distributions, we set the degrees of freedom parameter ν = 5 (implying
finite first four moments) and derived critical values of Kolmogorov-Smirnov-Lilliefors and
Anderson-Darling tests by Monte Carlo simulation. Application of these tests to the interest
rate swap data is documented in section 3.1.4.

3.1.4. Empirical Results. Across the entire 12 year of data, goodness-of-fit measures sharply
reject Student t hypothesis for the unconditional distribution of both absolute and relative
changes, indicating difficulty of fitting simple parametric models to financial time-series.
In spite of the overwhelming rejection, these measures tend to favor the difference form.
Similarly, the Akaike information criterion, while silent about any degree of absolute fit, also
supports difference formulation for all maturities. In the 4-year sample, returns specification
achieves acceptable and fit for maturities over three years. The fit is better than that of
differences for all maturities with the sole exception of Pearson’s χ2 at 3-year maturity.
The AIC reinforces preference for returns except for 2-year and 30-year maturities. Similar
conclusions can be made about the most recent year of data where returns fit well and better
than differences at all maturities over three years. For these maturities, the AIC results are
also in agreement. For shorter maturities there is a mild disagreement amongst different
measures as well as deterioration of the absolute fit.

Divergence of functional form conclusions between the full sample and more recent sub-
samples is meaningful since the obvious distinction between the full sample and the more
recent ones is that the full sample contains a larger proportion of higher interest rates. The



RISK FORM SELECTION 7

Swap Maturity Statistic
Full Sample 4-year Window 1-year Window

Diff Ret Diff Ret Diff Ret

Pearson χ2 0.000000 0.000000 0.000000 0.000000 0.000000 0.000000
1y AIC 11126.37 12049.20 3815.7159 3254.07 816.89 814.99

Kolmogorov-Smirnov-Lilliefors 0.000010 0.000009 0.000020 0.000044 0.000271 0.000233

Anderson-Darling 0.000100 0.000100 0.000100 0.002100 0.002700 0.006900

Pearson χ2 0.000000 0.000000 0.004207 0.004748 0.000000 0.955873

2y AIC 10566.59 11438.23 3737.5613 3272.31 847.78 849.78
Kolmogorov-Smirnov-Lilliefors 0.000065 0.000062 0.000067 0.000139 0.000549 0.000716

Anderson-Darling 0.000600 0.000100 0.000500 0.019200 0.005000 0.017900

Pearson χ2 0.000000 0.000000 0.096554 0.000000 0.000000 0.066455

3y AIC 10255.72 11152.53 3604.1453 3277.36 883.35 859.21
Kolmogorov-Smirnov-Lilliefors 0.000189 0.000076 0.000197 0.000342 0.000415 0.000507

Anderson-Darling 0.001700 0.000200 0.001600 0.066200 0.004000 0.022100

Pearson χ2 0.000000 0.000000 0.006312 0.410597 0.000000 0.255325

4y AIC 10094.63 10893.88 3466.5580 3250.51 877.67 840.97
Kolmogorov-Smirnov-Lilliefors 0.000307 0.000178 0.000574 0.001245 0.000513 0.021905

Anderson-Darling 0.002900 0.000500 0.005300 0.266000 0.006800 0.090500

Pearson χ2 0.000000 0.000319 0.001079 0.157838 0.000000 0.675605

5y AIC 10028.64 10726.47 3432.5816 3244.25 859.82 819.45
Kolmogorov-Smirnov-Lilliefors 0.000339 0.000300 0.001343 0.001958 0.003545 0.070858

Anderson-Darling 0.003700 0.000800 0.009500 0.236100 0.023900 0.324000

Pearson χ2 0.000000 0.000001 0.000009 0.000280 0.000004 0.010249

7y AIC 9887.32 10549.19 3351.0533 3201.78 818.76 783.84
Kolmogorov-Smirnov-Lilliefors 0.000296 0.000306 0.001427 0.001274 0.067961 0.103722

Anderson-Darling 0.003800 0.001200 0.023200 0.119600 0.132000 0.201700

Pearson χ2 0.000000 0.019104 0.000000 0.021652 0.003218 0.032559

10y AIC 9886.23 10520.87 3322.3569 3249.78 812.72 780.64
Kolmogorov-Smirnov-Lilliefors 0.000258 0.000209 0.001819 0.001953 0.031502 0.151916

Anderson-Darling 0.003100 0.001200 0.024300 0.121200 0.192800 0.203300

Pearson χ2 0.000000 0.000326 0.020735 0.137334 0.246047 0.361616

30y AIC 9807.73 10573.16 3281.5881 3340.43 810.04 788.14

Kolmogorov-Smirnov-Lilliefors 0.000250 0.000239 0.001165 0.009653 0.172425 0.353523
Anderson-Darling 0.002600 0.000800 0.020300 0.081300 0.240100 0.309200

Table 1. P-values of Kolmogorov-Smirnov-Lilliefors, Anderson-Darling
and Pearson’s goodness-of-fit measures under Student t null, and the Akaike
Information Criterion corrected for finite sample size.

theme of dependence of the functional form choice on the level of interest rates will be
revisited several times in the sections that follow.

3.1.5. Critique. Goodness-of-fit measures provide tenuous basis for functional form com-
parison for a number of reasons. Fitting a parametric unconditional distribution to either
relative or absolute change representation amounts to assuming that the sample is drawn i.i.d.
from the reference distribution. Emphatic rejections for both representations provide no way
to tell apart failure of parametric fit from the violations of the i.i.d. assumption. Strong
rejection of both representations does not instill measurable confidence in the preference
for whatever form happened to have a better, yet still failing, measure of fit. And over
moderately long horizons sharp rejections of fit to a simple distribution are almost inevitable
for most daily financial time-series. At the other extreme, fitting very complex unconditional
distributions may result in excellent in-sample fit for both representations but lead to a
failure out-of-sample. Fitting complex model will likely produce very different models for the
two representation and will make non-nested model comparison even more dubious. Finally,
even when the differences in fit are pronounced, the test statistics need to be carefully
adjusted for bias when parameters of the reference distribution are themselves estimated,
which is not always straightforward.
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3.2. Unit Root Tests. Unit root tests are considered a staple component of a suite of
stationarity tests. But for risk measurement purposes they must be treated with caution.
The reason for the caution is threefold. First, unit root tests are designed to capture first
order non-stationarity. That is, the tests outcomes provide or deny support for whether the
series (already in return or difference form) need to be differenced further. As a consequence,
none of the second- or higher-order non-stationarity may be reflected in the test outcomes.
Second reason is a technical one. Unit root test tend to have low power against many similar
alternatives, especially in small samples. In other words, unit root tests provide a fairly
dim lens to study the properties of the data and have hard time distinguishing the null
and alternative hypotheses. Third, unit root tests provide no rigorous basis for comparison
across different functional form specifications, because the two alternative functional form
hypotheses are not nested, and distributions of tests statistics may involve, for example, a
choice of the number of lags, with diametrically opposite ranking achieved depending on
that number of lags.

These arguments should not be viewed as a damnation of tests of first order stationarity.
For example, it would still make sense to test the series for breaks and regime switches,
with the functional form representation experiencing fewer of those being the preferred one.
Unfortunately, the development of tests along these lines remains to be formally implemented.
The rudimentary attempts at regime modeling involve judgments about the sample period
selection, and trying to distinguish long swings of upward drift in the series (e.g. rising
rates regime) from similarly persistent declines (declining rates regime). Still, the focus on
volatility regimes has to dominate once the issues of mean trend breaks and mean regime
switches are addressed.

Out of curiosity, we ran KPSS tests (Kwiatkowski, Phillips, Schmidt, and Shin, 1992)
(with quadratic spectral kernel) on returns and differences of all interest rate swap series
under study with results reported in table 2. The maximum lag order (bandwidth) was
derived from an automatic bandwidth selection procedure recommended in Hobijn, Franses,
and Ooms (2004). We also used Monte Carlo simulations in order to expand the range of
critical values tabulated in Kwiatkowski, Phillips, Schmidt, and Shin (1992).

Except for the shortest maturities over the entire 12 years of data, unit root is not a
problem for either yield returns or yield differences. Relative change representation tends
to perform better with only exceptions being 30-year maturity over the full sample and up
to 2-year maturities over 1-year sample while the lag choice does not seem to matter for
our dataset. Even so, the difference specification is competitive for most maturities and
subsamples and we cannot tell whether differences in test p-values are sufficiently significant
to express confident preference in favor of returns.

3.3. Homoscedasticity Tests. Testing for second order stationarity means to assess equal-
ity of the second moments over time. As second moments are not observed, they must be
estimated by either linking them to observables in a time-series model specification or by
partitioning the time domain into various subsets. These subsets can be either identified
directly by defining a method to group observations over time, or indirectly through the
values of another pre-defined explanatory variable.

The tests below give examples of all three methods and are not meant to be exhaustive.

3.3.1. Levene Equality of Variances Test. Generic Levene F-test (Levene, 1960), in its original
formulation or a more robust version due to Brown and Forsythe (1974), is used to assess
equality of variances across different samples. Associating different subsamples of returns or
difference series with different time windows leads to what we call time heteroscedasticity test.
Associating instead with different values of the level series produces level heteroscedasticity
test. The latter formulation is also known as Goldberg-Quandt parametric test (Goldfeld
and Quandt, 1965). The test results for both formulations are shown in table 3. In both
cases, the two groups of observations are the first and the last third of the sample in order
to improve the power of the test.
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Swap Maturity Form
Lags Optimal

1 2 3 4 5 6 10 Lags

Full Sample

Diff 0.000004 0.000005 0.000006 0.000006 0.000007 0.000007 0.000021 6

1y Ret 0.022855 0.022970 0.022140 0.021390 0.020469 0.020000 0.022658 6

Diff 0.002513 0.002480 0.002353 0.002196 0.002005 0.001861 0.002067 6
2y Ret 0.185120 0.177170 0.173270 0.171170 0.166110 0.160540 0.160360 6

Diff 0.023341 0.022311 0.021280 0.020253 0.018923 0.017837 0.018358 6
3y Ret 0.262780 0.248710 0.244560 0.245530 0.243920 0.238410 0.239120 6

Diff 0.071480 0.068252 0.064374 0.060721 0.056459 0.052660 0.052349 6

4y Ret 0.272020 0.260550 0.256170 0.254560 0.251100 0.244730 0.240280 6

Diff 0.149600 0.141800 0.133340 0.126420 0.118470 0.111700 0.107100 6

5y Ret 0.296190 0.281290 0.274890 0.270480 0.263990 0.255470 0.247270 6

Diff 0.259610 0.248780 0.238810 0.230970 0.221950 0.214330 0.207140 6

7y Ret 0.340640 0.320980 0.309010 0.300250 0.292040 0.283320 0.274930 6

Diff 0.404290 0.391740 0.380620 0.370270 0.359130 0.350270 0.338520 6
10y Ret 0.442310 0.424370 0.409900 0.397050 0.383700 0.370720 0.356280 6

Diff 0.636610 0.618300 0.600110 0.587000 0.574840 0.566790 0.558070 6

30y Ret 0.633820 0.612030 0.589770 0.574020 0.558080 0.543560 0.537250 6

4-year Sample

Diff 0.106150 0.096609 0.093189 0.089152 0.089297 0.091301 0.100670 5

1y Ret 0.559710 0.550930 0.536670 0.521470 0.505360 0.495610 0.512000 5

Diff 0.310050 0.282250 0.278050 0.263840 0.238230 0.215930 0.198030 5
2y Ret 0.784610 0.767440 0.764380 0.762490 0.754840 0.745630 0.738970 5

Diff 0.433720 0.384360 0.380320 0.372620 0.349660 0.325590 0.301490 6

3y Ret 0.658480 0.632390 0.631590 0.638660 0.640920 0.634400 0.627840 5

Diff 0.481650 0.442810 0.441050 0.433380 0.409860 0.388650 0.366460 4

4y Ret 0.572660 0.548970 0.547310 0.549080 0.545300 0.535730 0.518300 6

Diff 0.491810 0.447770 0.449670 0.443930 0.421420 0.399820 0.380960 5

5y Ret 0.544080 0.510180 0.508030 0.505200 0.495120 0.481760 0.462120 5

Diff 0.454350 0.410860 0.413950 0.411870 0.394080 0.378740 0.362910 5
7y Ret 0.509610 0.476650 0.468680 0.461060 0.444650 0.426490 0.404860 5

Diff 0.398110 0.367960 0.370070 0.367690 0.351180 0.335910 0.318360 5
10y Ret 0.484390 0.457910 0.447700 0.435960 0.413050 0.392250 0.371410 5

Diff 0.228330 0.199130 0.194340 0.190380 0.181540 0.174000 0.173110 5

30y Ret 0.354730 0.326360 0.304760 0.292370 0.277430 0.262240 0.260610 5

1-year Sample

Diff 0.612150 0.636460 0.660250 0.674800 0.689680 0.700940 0.670450 6
1y Ret 0.645210 0.646360 0.652970 0.657940 0.660850 0.662580 0.627940 6

Diff 0.469600 0.501550 0.536470 0.592200 0.634880 0.657010 0.654730 6
2y Ret 0.449260 0.482880 0.506310 0.564860 0.601410 0.621170 0.612360 6

Diff 0.192960 0.220940 0.244280 0.287430 0.324370 0.342920 0.360930 6

3y Ret 0.217210 0.251330 0.273840 0.315770 0.352810 0.369950 0.374680 6

Diff 0.147490 0.169660 0.180340 0.198460 0.213110 0.221120 0.229250 6

4y Ret 0.177080 0.197160 0.214990 0.237860 0.247980 0.251890 0.241120 6

Diff 0.140960 0.154930 0.163260 0.170870 0.172320 0.170560 0.170570 6

5y Ret 0.182340 0.194050 0.201480 0.207270 0.202750 0.196580 0.182530 6

Diff 0.132870 0.139680 0.136490 0.126790 0.116860 0.108880 0.099978 6
7y Ret 0.192050 0.196650 0.189540 0.175500 0.159900 0.146240 0.120090 6

Diff 0.124180 0.128480 0.117460 0.097393 0.085696 0.076800 0.065579 6

10y Ret 0.189430 0.193740 0.179270 0.153810 0.124340 0.099253 0.080132 6

Diff 0.102830 0.097702 0.081707 0.062923 0.048584 0.040520 0.029107 6

30y Ret 0.178200 0.173990 0.142680 0.105900 0.086024 0.066859 0.044128 6

Table 2. P-values of KPSS unit root test.
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Time Heteroscedasticity

Swap Maturity Form
Full sample 4-year sample 1-year sample

F stat p-value F stat p-value F stat p-value

Diff 109.05 0.000000 82.98 0.000000 0.00 0.000000

1y Ret 206.77 0.000000 1.18 0.278357 1.36 0.243887

Diff 151.77 0.000000 144.66 0.000000 0.00 0.000000

2y Ret 94.71 0.000000 1.30 0.253920 1.53 0.217077

Diff 64.93 0.000000 229.74 0.000000 27.49 0.000000
3y Ret 131.14 0.000000 3.28 0.070474 13.87 0.000242

Diff 75.45 0.000000 101.27 0.000000 16.88 0.000054
4y Ret 151.45 0.000000 0.08 0.227002 11.85 0.000674

Diff 57.92 0.000000 88.75 0.000000 14.22 0.000203

5y Ret 128.17 0.000000 0.09 0.237606 2.91 0.089530

Diff 0.00 0.000000 32.58 0.000000 22.11 0.000004

7y Ret 138.63 0.000000 0.24 0.374037 13.45 0.000299

Diff 0.00 0.000000 51.15 0.000000 11.55 0.000786

10y Ret 106.79 0.000000 1.09 0.297518 5.69 0.017791

Diff 68.09 0.000000 53.40 0.000000 12.13 0.000586
30y Ret 177.00 0.000000 7.05 0.008047 0.97 0.325649

Level Heteroscedasticity

Diff 213.29 0.000000 162.69 0.000000 0.00 0.000000

1y Ret 871.32 0.000000 2.29 0.130461 2.31 0.129630

Diff 127.95 0.000000 144.58 0.000000 0.00 0.000000

2y Ret 454.80 0.000000 1.94 0.163749 1.04 0.309264

Diff 0.00 0.000000 237.59 0.000000 23.89 0.000002
3y Ret 515.82 0.000000 0.66 0.417222 4.35 0.037948

Diff 0.00 0.000000 70.80 0.000000 4.45 0.035987

4y Ret 502.13 0.000000 13.36 0.000271 0.01 0.095879

Diff 0.00 0.000000 100.17 0.000000 3.52 0.061665

5y Ret 439.28 0.000000 7.65 0.005788 0.08 0.224863

Diff 73.17 0.000000 39.92 0.000000 10.93 0.001087

7y Ret 390.65 0.000000 27.01 0.000000 0.00 0.047020

Diff 69.04 0.000000 0.00 0.000000 9.19 0.002688
10y Ret 296.53 0.000000 35.43 0.000000 0.09 0.235839

Diff 73.92 0.000000 0.00 0.000000 1.45 0.230323
30y Ret 261.77 0.000000 43.39 0.000000 0.33 0.435341

Table 3. Levene-Brown-Forsythe and Goldfeld-Quandt test results.

Homogeneity of variance between first and last four years of the full 12 year sample is
unequivocally denied by the test, while homogeneity between observations corresponding
to high interest rates and observations corresponding to low rates is rejected even more
categorically. Returns tend to do worse by both methods. In the shorter subsamples, the
evidence is less decisive with relative change formulation not rejected by the first test for
most of maturities in the four year sample as well as by the second test for short maturities
in the four year sample and most maturities in the one year sample. Even when the return
specification is rejected, the rejected is less pronounced than that for the difference alternative.

3.3.2. Nonparametric Goldfeld-Quandt Test. Levene-Brown-Forsythe and parametric Goldfeld-
Quandt test, though reasonably robust, may still be sensitive to non-normality, especially
under conditions where samples are collected from population distributions that are skewed
(Nordstokke and Zumbo, 2010). They also rely on asymptotic large-sample approximations.
The nonparametric Goldfeld-Quandt test (Goldfeld and Quandt, 1965) is an exact test robust
to non-normality. In this test the absolute values are sorted in ascending order according
to pre-defined explanatory “deflator” variable , and the test statistics is the number of
observations that exceed all previous observations (“peak” observations)
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Time Heteroscedasticity

Swap Maturity Form
Full sample 4-year sample 1-year sample

Peaks p-value Peaks p-value Peaks p-value

Diff 4 0.1142 6 0.4743 5 0.4031

1y Ret 13 0.0188 9 0.1102 4 0.4093

Diff 3 0.0479 8 0.1967 4 0.4093

2y Ret 13 0.0188 10 0.0565 4 0.4093

Diff 5 0.2195 6 0.4743 4 0.4093
3y Ret 15 0.0035 12 0.0115 5 0.4031

Diff 6 0.3570 6 0.4743 3 0.2305
4y Ret 12 0.0391 8 0.1967 5 0.4031

Diff 9 0.2258 7 0.3202 3 0.2305

5y Ret 11 0.0756 6 0.4743 3 0.2305

Diff 14 0.0084 9 0.1102 4 0.4093

7y Ret 15 0.0035 8 0.1967 4 0.4093

Diff 12 0.0391 7 0.3202 4 0.4093

10y Ret 12 0.0391 8 0.1967 5 0.4031

Diff 10 0.1358 5 0.3600 4 0.4093
30y Ret 13 0.0188 6 0.4743 4 0.4093

Level Heteroscedasticity

Diff 22 0.0000 20 0.0000 4 0.4093

1y Ret 9 0.2258 9 0.1102 3 0.2305

Diff 8 0.3467 6 0.4743 3 0.2305

2y Ret 4 0.1142 4 0.2103 2 0.0986

Diff 15 0.0035 14 0.0017 11 0.0037
3y Ret 8 0.3467 8 0.1967 8 0.0627

Diff 12 0.0391 12 0.0115 9 0.0269

4y Ret 9 0.2258 9 0.1102 9 0.0269

Diff 14 0.0084 14 0.0017 11 0.0037

5y Ret 9 0.2258 10 0.0565 9 0.0269

Diff 10 0.1358 10 0.0565 9 0.0269

7y Ret 9 0.2258 9 0.1102 8 0.0627

Diff 13 0.0188 13 0.0046 9 0.0269
10y Ret 10 0.1358 11 0.0266 9 0.0269

Diff 6 0.3570 6 0.4743 10 0.0104
30y Ret 5 0.2195 5 0.3600 8 0.0627

Table 4. Goldfeld-Quandt peaks test results.

Test results are shown in table 4.6 Low power of the test is evident in fairly inconsistent
conclusions between the case when the explanatory variable is time and the case when the
level of the series serves as a covariate, as well as in a number of ties. Using time as the
sorting variable, the test favors the difference specification over the full sample and its four
year subsample but is inconclusive in the one year sample. Using level as the sorting variable,
the test generally favors the return specification, albeit with a number of exceptions.

The weakness of this test is the requirement to order absolute residuals according to a
known explanatory variable. If the heteroscedasticity structure depends on the unknown
or latent variable, the test offers little guidance. Another major shortcoming is that the
variance must be a monotonic function of explanatory variable. For example, when faced
with a quadratic function mapping a deflator to the variance, the test might improperly
accept the null of homoscedasticity. We suspect that relatively high p-values in table 4 can
be explained by such non-monotone behavior. Lastly, the test only allows a single sorting
covariate.

6Exact p-values were obtained from P (Number of peaks ≤ k) = 1
T !

∑k+1
i=1 |S

(i)
T | where S

(i)
T are Stirling

numbers of the first kind (Abramowitz and Stegun, 1965).
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Swap Maturity Form
Full sample 4-year sample 1-year sample

IM IM2 IM3 IM4 IM IM2 IM3 IM4 IM IM2 IM3 IM4

Diff 118.16 97.84 6.78 13.54 134.04 127.12 0.37 6.55 20.92 14.31 5.11 1.50
1y Ret 196.07 177.81 6.97 11.29 11.48 2.41 3.90 5.18 22.12 13.25 5.12 3.75

Diff 148.33 123.50 2.05 22.78 110.47 101.91 0.58 7.99 11.25 5.29 3.50 2.46
2y Ret 179.83 166.39 2.99 10.45 7.33 0.80 0.82 5.71 5.21 1.98 1.45 1.78

Diff 137.18 106.85 1.06 29.27 90.79 80.93 0.09 9.77 7.20 3.66 2.33 1.21

3y Ret 163.41 157.43 0.03 5.96 5.41 1.53 0.19 3.69 4.34 1.00 2.14 1.20

Diff 109.20 83.14 0.25 25.81 71.07 60.84 0.10 10.14 14.47 9.11 4.10 1.27

4y Ret 179.19 171.21 0.24 7.74 6.82 1.91 0.30 4.62 9.51 4.14 3.92 1.44

Diff 91.32 70.45 0.05 20.82 53.92 45.02 0.42 8.48 19.00 12.45 5.10 1.45

5y Ret 180.19 169.91 0.88 9.40 7.96 1.88 0.71 5.36 11.47 5.36 4.33 1.77

Diff 56.95 44.31 1.09 11.55 34.98 27.56 1.71 5.71 18.33 11.12 5.67 1.54
7y Ret 164.44 157.10 2.42 4.92 6.66 2.42 1.43 2.81 9.16 3.21 4.21 1.73

Diff 37.23 25.03 3.36 8.84 19.42 12.40 2.29 4.73 18.81 9.13 5.45 4.23
10y Ret 147.72 140.47 3.60 3.64 8.85 4.78 1.68 2.39 9.61 2.24 2.79 4.58

Diff 61.72 49.30 6.00 6.42 11.99 5.58 2.45 3.97 9.92 5.72 2.41 1.79

30y Ret 226.77 215.30 5.56 5.92 31.86 25.12 2.51 4.23 5.15 2.20 1.55 1.40

Table 5. Information matrix tests and their Cameron-Trivedi decomposition.

3.3.3. Information Matrix Test. Variance homogeneity tests in sections 3.3.1 and 3.3.2 point
to the association of volatility with the level of the series. A regression context might be
useful to provide further details. Information matrix test (Cameron and Trivedi, 1990)
may be particularly illuminating since it could be decomposed into tests for conditional
heteroscedasticity, conditional non-normal skewness and conditional non-normal kurtosis
via three auxiliary regressions involving powers of residuals against potential drivers of
heteroscedasticity (e.g., level of the series).7

We performed information matrix tests using lagged level as an explanatory factor and
displayed the test statistics in table 5. To conserve space, only test statistics are displayed.8

Overall, it appears that conditional skewness is not an issue and conditional kurtosis is only
moderately severe. On the other hand, conditional heteroscedasticity is very strong in the
full sample and remains elevated in the shorter subsamples. Ranking the two alternatives
according to the IM2 statistics, we observe again that in the full sample the difference form
is preferred, while for the 1-year sample it is returns that display lower heteroscedasticity.
Over the 4-year sample, returns also dominate except for 30 year rates.

Comparing with the earlier heteroscedasticity tests we find complete consensus for 5- and
7-year maturities in both recent subsamples and for 30-year maturity in 1-year subsample.
Notable disagreement among different tests arises for 2-year and 10-year maturities in the
long sample, 10-year and 30-year maturities in the 4-year sample and at the short end of the
curve in the short sample. Lack of perfect agreement across tests is likely driven by inability
of these tests to detect non-monotone variation in volatility, especially as different tests fail
detection in different ways. We will revisit non-monotone variation in volatility relative to
the level of the series in the subsequent sections.

3.3.4. Engle’s ARCH Test. Engle’s Lagrange multiplier test (Engle, 1982) without covariates
looks for autoregressive patterns in the two bottom panels of figure 2. Table 6 shows the
results when the assumed autocorrelation is of the first order. In the full sample, the null of
no autoregressive conditional heteroscedasticity is soundly defeated albeit less so for returns

7Specifically, IM = IM2 + IM3 + IM4 =
∑4
i=2 TR

2
un,i, where R2

un,2 is uncentered R2 from regression of

squared residuals against full quadratic form in explanatory variable(s), R2
un,3 comes from a regression of

cubic function of residuals against full linear form in explanatory variables, and R2
un,4 is from a regression

of quartic function of residuals against a constant term. With a single explanatory factor each IMi is
asymptotically χ2

1.
8For comparison, χ2

1 critical values are 3.841 at 5%, 6.635 at 1% and 10.827 at 0.1%.
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Swap Maturity Form
Full sample 4-year sample 1-year sample

Test stat p-value Test stat p-value Test stat p-value

Diff 75.90 0.000000 9.62 0.001925 0.01 0.926370
1y Ret 38.70 0.000000 2.35 0.124972 0.08 0.783083

Diff 75.04 0.000000 19.35 0.000011 0.70 0.403496

2y Ret 48.90 0.000000 6.13 0.013289 7.33 0.006777

Diff 66.77 0.000000 18.62 0.000016 2.02 0.155257

3y Ret 49.31 0.000000 5.82 0.015812 3.46 0.062767

Diff 58.21 0.000000 13.40 0.000252 3.36 0.066871

4y Ret 58.40 0.000000 6.09 0.013562 3.02 0.082082

Diff 49.58 0.000000 8.91 0.002838 1.19 0.276108
5y Ret 36.91 0.000000 1.36 0.243151 0.30 0.581721

Diff 44.03 0.000000 8.60 0.003354 0.15 0.697681

7y Ret 35.37 0.000000 1.59 0.207762 0.07 0.793606

Diff 38.07 0.000000 7.14 0.007524 0.11 0.742755

10y Ret 31.42 0.000000 2.24 0.134467 0.54 0.464427

Diff 70.34 0.000000 18.18 0.000020 0.00 0.992551

30y Ret 93.56 0.000000 16.68 0.000044 0.01 0.927006

Table 6. Engle’s ARCH LM test results.

at most maturities. In the four year sample, returns are again preferred and the null is no
longer rejected for some maturities. In the one year sample, both representations tend not
to reveal much in a way of autoregressive patterns in squared changes making the risk form
selection ambiguous.

A particular weakness of ARCH model is the choice of the number of lags. Using model
selection criteria such as AICc typically results in excessively large number of lags. For our
dataset AICc-selected number of lags for different series varies between 30 and 54 using the
full sample, 11 and 18 using the four year sample, and settles at 8 for all series using the one
year sample. Although not shown to conserve space, test comparisons using different number
of lags (either the same for all series or using optimal number for each series) often contradict
the results of table 6, rendering the choice of form erratic, arbitrary and not convincing. We
do not recommend this test for these reasons.

4. Constant Elasticity of Variance Model

4.1. The Model. We assume that upon demeaning the time-series of the risk factor of
interest follows discrete-time version of constant elasticity of variance

(4.1) ∆rt = µ+ σrγt−1εt,

where σ and 2γ denote the scale and elasticity of variance. The CEV model in (4.1) has
been popular and useful in describing the dynamics of the short-term interest rate9 (hence
use of rt notation) and in models of equity volatility (under risk-neutral measure).

4.2. Limited Information Approach: GMM. Generalized Method of Moments (GMM)
is an econometric procedure for estimating the parameters of the model by choosing parame-
ters so as to match select few moments of the model to those of the data as closely as possible,
with a weighting matrix determining the relative importance of matching each moment. It is
important to realize the generality of GMM. Without providing additional details, saying we
estimated the parameters by GMM is essentially the same as saying we estimated the model
on a computer. Indeed, a large variety of estimation procedures, including OLS, instrumental
variables estimation, two-stage least squares can be phrased as GMM procedures.

9Nominal interest rates cannot follow unrestricted random walk over very long horizons since they are
bounded above and below. However, the persistence pattern over (relatively) short horizons is better

approximated in this way, in contrast to modeling levels of rates themselves as stationary variables.
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For a parametric model described by a parameter vector θ the art of GMM consists in
selecting moments to match and selecting weighting matrix. The mechanics of GMM is then
to minimize a quadratic distance measure

(4.2) min
θ
JT (θ) = min

θ
m(θ)′Wm(θ),

where m(θ) is a vector of L moment conditions and W is a L×L positive definite weighting
matrix. A key advantage of GMM over other estimation procedures is the weakness of
statistical assumptions needed.

In CEV context, we specify the following six moments

(4.3) mt =

[
rt − rt−1 − µ

(rt − rt−1 − µ)
2 − σ2r2γ

t−1

]
⊗ zt

to match, where zt = (1, rt, r
2
t ) is a vector of instruments. The first two imply matching

of the first and second conditional moments. The other four are orthogonality conditions,
forcing the residual terms to be uncorrelated with regression terms. Obviously one can extend
the vector of instruments to any number of functions of the sample, and the fact that only a
limited number is used is the reason why this approach is of limited information - information
in higher order cross-moments is simply ignored. The loss of information leads to loss of
efficiency, which manifests as wider confidence bounds for the estimates. On the flip side,
possibly misspecified assumptions are not necessary. For example, the assumption of normally
distributed error terms is unnecessary. The GMM estimators remain asymptotically unbiased
under mild stationarity requirements, even in the presence of conditionally heteroscedastic
error terms.

Since we are estimating three model parameters with six moment conditions, the model
is overidentified. This is a deliberate choice so that we are able to test over-identifying
restrictions.

GMM estimation can be very finicky in the choice of inverse weighting matrix (also known
as spectral density matrix) which can account for various forms of heteroscedasticity and/or
serial correlation, choice of optimization algorithm and choice of instruments. We have
selected spectral density matrix estimate of White (1980) over alternative approaches based
on its better performance in recovering true parameters using a pilot artificial samples from
(4.1) with normal and Student t residuals. We used the same method to tune other GMM
parameters such as the number of lags in estimation of the spectral density matrix, number
of convergence steps to tune weighting matrix, demeaning, etc.

GMM estimation results are shown in table 7. Over the full sample, most estimates cluster
around zero providing justification for the difference form. Elasticity estimates universally
increase when the estimation window is confined to the last four years, with only 30-year
rates remaining in difference space. Over the most recent one year, GMM estimates are
again closer to returns but the uncertainty bounds surrounding these are far too loose for
comfort. These findings prompt an idea that elasticity of volatility is a declining function of
interest rate level.

Asymptotic χ2 J-test for overidentifying restrictions (Gallant, 1987), shown in table 8
suggests that over the full 12 years of data, the CEV model constraints are too restrictive,
which is perhaps not too surprising as the large volume of data can overwhelm any simple
model. At one-year window, the CEV model is not rejected in about half the cases. Not
surprisingly, an examination of individual moment restrictions (not shown to save space)
indicates that it is matching the second moments that is a problem that leads to model
rejection. Subsample parameter instability seen in table 7 is more informative regarding
possible extensions of the model needed to improve fit.

4.3. Full Information Approach: Maximum Likelihood. Full information approaches
require complete parametric specification for the distribution of residuals εt. Figure 3
contrasts two common choices that we can implement – normal and Student t distribution.
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Swap Maturity Parameter
Full sample 4-year window 1-year window

Estimate Bounds Estimate Bounds Estimate Bounds

µ -0.0018 (-0.003,-0.001) -0.0004 (-0.002,0.001) 0.0002 (-0.002,0.002)
1y σ 0.0311 (0.029,0.034) 0.0371 (0.034,0.041) 0.0188 (0.002,0.036)

γ 0.1225 (0.052,0.194) 0.8901 (0.742,1.039) 0.1871 (-1.207,1.581)

µ -0.0023 (-0.004,-0.001) -0.0007 (-0.003,0.001) -0.0004 (-0.003,0.002)

2y σ 0.0414 (0.038,0.045) 0.0374 (0.034,0.041) 0.0273 (0.014,0.041)

γ 0.0882 (0.02,0.156) 0.912 (0.738,1.086) 0.4583 (-0.537,1.454)

µ -0.0029 (-0.005,-0.001) -0.0011 (-0.004,0.002) 0.0004 (-0.003,0.003)
3y σ 0.0456 (0.041,0.05) 0.0373 (0.033,0.042) 0.0286 (0.012,0.045)

γ 0.1006 (0.027,0.174) 0.8678 (0.684,1.052) 0.7455 (-0.551,2.042)

µ -0.003 (-0.005,-0.001) -0.0015 (-0.005,0.002) -0.0003 (-0.004,0.003)

4y σ 0.0499 (0.044,0.056) 0.0361 (0.031,0.042) 0.0303 (0.022,0.039)
γ 0.0913 (0.013,0.17) 0.8385 (0.64,1.037) 1.1902 (-0.73,3.11)

µ -0.003 (-0.005,-0.001) -0.0017 (-0.005,0.002) -0.0013 (-0.005,0.003)
5y σ 0.0528 (0.046,0.06) 0.0341 (0.028,0.04) 0.0261 (0.02,0.032)

γ 0.0841 (-0.005,0.173) 0.8371 (0.636,1.039) 1.3971 (-0.166,2.96)

µ -0.0025 (-0.005,0) -0.0019 (-0.006,0.002) -0.0022 (-0.007,0.003)

7y σ 0.0589 (0.049,0.069) 0.0318 (0.025,0.039) 0.0228 (0.01,0.035)
γ 0.0233 (-0.084,0.131) 0.7999 (0.591,1.009) 1.204 (-0.004,2.412)

µ -0.002 (-0.004,0) -0.002 (-0.006,0.002) -0.0025 (-0.009,0.004)

10y σ 0.0742 (0.059,0.089) 0.0353 (0.025,0.046) 0.0221 (0.006,0.038)

γ -0.1052 (-0.235,0.024) 0.6351 (0.389,0.882) 1.0129 (0.024,2.002)

µ -0.0019 (-0.004,0) -0.0029 (-0.007,0.002) -0.002 (-0.009,0.005)
30y σ 0.1427 (0.107,0.179) 0.0859 (0.049,0.123) 0.0264 (-0.001,0.053)

γ -0.5578 (-0.711,-0.405) -0.1545 (-0.482,0.173) 0.7006 (-0.32,1.721)

Table 7. GMM estimation results.

Swap Maturity Full sample Four-year sample One-year sample
J-test p-value J-test p-value J-test p-value

1y 46.009 0.000 13.736 0.0033 7.005 0.0717
2y 86.965 0.000 17.697 0.0005 10.157 0.0173

3y 110.203 0.000 24.385 0.000 6.806 0.0783

4y 110.887 0.000 28.454 0.000 5.805 0.1215
5y 106.949 0.000 30.918 0.000 6.780 0.0793

7y 93.260 0.000 35.779 0.000 9.655 0.0217

10y 88.363 0.000 36.525 0.000 19.324 0.0002
30y 72.324 0.000 32.019 0.000 20.989 0.0001

Table 8. GMM J-test for overidentifying restrictions.

Student t-distribution has fatter tail, and so does CEV process with t-distributed residuals.
The upper panel displays two simulated paths starting from the common value and with
perfect rank correlation of moves. It makes clear that the size of the move under the Student
t-distribution is larger than under normal distribution, conditional on rank of the residual
realization. The lower panel display kernel-smoothed densities of the two paths. Again,
t-distribution tends to produce fatter tails when it drives CEV -type process. This could be
an important feature if the normal residual distribution does not produce tail fat enough.

Under the normal assumption, the likelihood of one observation ∆rt is given by

(4.4) p (∆rt|rt−1, µ, σ, γ) =
1

σrγt−1

√
2π

exp

(
− 1

2σ2r2γ
t−1

(∆rt − µ)
2

)
.

Under the Student t-distribution assumption, the likelihood is instead

(4.5) p (∆rt|rt−1, µ, σ, γ, ν) =
Γ
(
ν+1

2

)
Γ
(
ν
2

)
σrγt−1

√
νπ

(
1 +

1

ν

(
∆rt − µ
σrγt−1

)2
)−(ν+1)/2

.
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Swap Maturity Parameter
Full sample 4-year window 1-year window

MLE Bounds MLE Bounds MLE Bounds

µ -0.001 (-0.002,0) 0.0001 (-0.001,0.002) 0.0004 (-0.002,0.003)
1y σ 0.0331 (0.032,0.034) 0.0388 (0.037,0.041) 0.0303 (0.022,0.041)

γ 0.3889 (0.353,0.425) 0.9936 (0.91,1.077) 0.7721 (0.301,1.244)

µ -0.0014 (-0.003,0.001) -0.0002 (-0.002,0.002) -0.0002 (-0.003,0.003)

2y σ 0.0445 (0.042,0.047) 0.0396 (0.038,0.041) 0.033 (0.024,0.045)

γ 0.3123 (0.267,0.358) 0.937 (0.85,1.024) 0.7349 (0.176,1.294)

µ -0.0017 (-0.004,0.001) -0.0008 (-0.003,0.002) -0.0002 (-0.003,0.003)
3y σ 0.0502 (0.047,0.053) 0.0379 (0.036,0.04) 0.0492 (0.039,0.062)

γ 0.2346 (0.181,0.288) 0.8992 (0.808,0.991) 1.8568 (1.229,2.485)

µ -0.0019 (-0.004,0.001) -0.0013 (-0.004,0.002) -0.0012 (-0.005,0.002)

4y σ 0.0555 (0.052,0.06) 0.0355 (0.033,0.038) 0.0366 (0.033,0.04)
γ 0.1607 (0.099,0.223) 0.8929 (0.789,0.997) 2.2775 (1.705,2.85)

µ -0.002 (-0.004,0.001) -0.0016 (-0.005,0.002) -0.0019 (-0.006,0.002)
5y σ 0.0613 (0.056,0.067) 0.0325 (0.03,0.036) 0.0249 (0.022,0.028)

γ 0.0999 (0.028,0.172) 0.922 (0.802,1.042) 2.2198 (1.663,2.776)

µ -0.002 (-0.005,0) -0.0019 (-0.006,0.002) -0.0026 (-0.008,0.003)

7y σ 0.0723 (0.064,0.081) 0.0298 (0.026,0.035) 0.0169 (0.012,0.023)
γ -0.0399 (-0.125,0.046) 0.8891 (0.739,1.04) 1.9673 (1.344,2.591)

µ -0.0021 (-0.004,0) -0.002 (-0.006,0.002) -0.003 (-0.009,0.003)

10y σ 0.0869 (0.075,0.1) 0.0331 (0.027,0.041) 0.0126 (0.007,0.022)

γ -0.1752 (-0.272,-0.078) 0.7159 (0.529,0.902) 1.9035 (1.177,2.63)

µ -0.002 (-0.004,0) -0.0029 (-0.008,0.002) -0.0028 (-0.01,0.005)
30y σ 0.1546 (0.13,0.184) 0.0848 (0.062,0.116) 0.0088 (0.003,0.023)

γ -0.6018 (-0.713,-0.491) -0.1115 (-0.353,0.13) 1.8924 (0.957,2.828)

Table 9. Maximum likelihood estimation results with Gaussian innovations.

As ν →∞, tν-distribution converges to normal and so does the CEV likelihood.

The log-likelihood of the sample {rt}Tt=0 is then

(4.6) L
(
µ, σ, γ, ν

∣∣ {rt}Tt=0

)
=

T∑
t=1

log p (∆rt|rt−1, µ, σ, γ, ν) ,

with ν =∞ distinguishing model with normal innovations from that with Student t residuals.
The magnitudes and patterns of the maximum likelihood estimates, in table 9 for the

normal residuals and in table 10 for the Student t case, are in line with expectations set by
the GMM approach. To reiterate, estimates of the elasticity of volatility are in the vicinity
or below zero using the full sample and rise steeply if the earlier data, characterized by
high interest rates, are excluded, continuing to support an idea of elasticity declining with
level. The steep rise effect is slightly stronger in the Gaussian case. With respect to the
parameter ν that governs tail behavior of Student t distribution, we find that significant
departures from normality are evident at the short end of the curve using the full sample.
Elsewhere, indications of non-normality are more moderate, although the likelihood ratio
test (not shown) strongly rejects the null of normal CEV. On a technical side, we note that
log-likelihood function is better behaved than the GMM criterion, making for easier effort in
obtaining the estimates.

Variation of γ̂MLE across different sub-samples is very notable. To formally assess its
statistical significance we applied the Nyblom stability test (Nyblom, 1989) that amounts
to the Lagrange Multiplier test of constant parameters against the martingale difference
alternative with constant hazard of parameter change (Hansen, 1990).10,11 Also, location and

10Martingale difference alternative allows for substantial flexibility, such as random walk or single
structural break alternatives (Nyblom, 1989). However, the test is not informative about the date or type of

the structural change.
11Test formulation relies on analytic scores and the Hessian of log-likelihood function. Details of the test

derivation are relegated to appendix B.
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Swap Maturity Parameter
Full sample 4-year window 1-year window

MLE Bounds MLE Bounds MLE Bounds

µ -0.001 (-0.002,0) -0.001 (-0.002,0) 0.000 (-0.002,0.002)
1y σ 0.021 (0.02,0.023) 0.030 (0.028,0.033) 0.019 (0.012,0.031)

γ 0.298 (0.256,0.341) 0.950 (0.845,1.054) 0.384 (-0.354,1.122)

ν 2.878 (2.538,3.218) 5.229 (3.642,6.816) 5.713 (2.183,9.243)

µ -0.002 (-0.003,0) -0.001 (-0.003,0.001) 0.000 (-0.002,0.002)

2y σ 0.030 (0.028,0.032) 0.031 (0.028,0.033) 0.022 (0.014,0.036)
γ 0.304 (0.253,0.354) 0.960 (0.846,1.073) 0.613 (-0.254,1.481)

ν 3.390 (2.928,3.851) 4.999 (3.503,6.496) 4.204 (2.009,6.399)

µ -0.002 (-0.004,0) -0.001 (-0.003,0.001) 0.000 (-0.003,0.003)

3y σ 0.035 (0.032,0.038) 0.029 (0.027,0.031) 0.029 (0.02,0.041)
γ 0.259 (0.2,0.318) 0.938 (0.822,1.054) 1.314 (0.443,2.184)

ν 3.829 (3.26,4.397) 4.992 (3.482,6.502) 3.943 (1.938,5.948)

µ -0.002 (-0.004,0) -0.002 (-0.004,0.001) -0.001 (-0.004,0.002)

4y σ 0.040 (0.036,0.043) 0.028 (0.025,0.031) 0.028 (0.024,0.032)
γ 0.193 (0.124,0.261) 0.909 (0.781,1.037) 1.941 (1.168,2.714)

ν 4.172 (3.511,4.832) 5.305 (3.646,6.964) 5.050 (2.115,7.986)

µ -0.003 (-0.005,-0.001) -0.002 (-0.005,0.001) -0.002 (-0.005,0.002)

5y σ 0.043 (0.039,0.048) 0.026 (0.023,0.03) 0.022 (0.018,0.026)
γ 0.143 (0.065,0.222) 0.892 (0.747,1.038) 1.940 (1.234,2.646)

ν 4.323 (3.62,5.026) 5.294 (3.615,6.974) 6.559 (1.82,11.297)

µ -0.003 (-0.005,0) -0.002 (-0.006,0.001) -0.003 (-0.008,0.002)

7y σ 0.052 (0.045,0.06) 0.026 (0.022,0.031) 0.017 (0.012,0.025)
γ 0.010 (-0.085,0.105) 0.804 (0.628,0.981) 1.752 (1.017,2.488)

ν 4.795 (3.949,5.642) 5.794 (3.805,7.783) 11.682 (-3.219,26.583)

µ -0.003 (-0.005,-0.001) -0.002 (-0.006,0.002) -0.003 (-0.009,0.003)

10y σ 0.062 (0.052,0.073) 0.028 (0.022,0.036) 0.013 (0.007,0.024)
γ -0.118 (-0.23,-0.006) 0.650 (0.431,0.869) 1.701 (0.869,2.532)

ν 4.821 (3.964,5.677) 5.184 (3.531,6.837) 12.298 (-5.91,30.507)

µ -0.002 (-0.004,0) -0.002 (-0.007,0.002) -0.003 (-0.011,0.004)

30y σ 0.109 (0.088,0.135) 0.061 (0.042,0.089) 0.011 (0.004,0.031)

γ -0.516 (-0.651,-0.382) -0.060 (-0.351,0.23) 1.559 (0.514,2.604)
ν 5.572 (4.472,6.671) 4.834 (3.403,6.264) 8.860 (0.107,17.613)

Table 10. Maximum likelihood estimation results with Student t innovations.

scale parameters µ and σ were assumed to be constant under the alternative, even though
there is some evidence that the volatility scale parameter may be unstable as well. Three
versions of the test were run, making different assumption about which subset of {γ, ν} is
potentially unstable. The results are shown in table 11 with p-values corrected for finite
sample size distortions under the null with the help of Monte Carlo simulation. We conclude
that elasticity of volatility is not stable in the full sample, but mostly stable in the shorter
subsamples. As the later subsamples are associated with lower interest rates, this finding
points to potential usefulness of variable elasticity of volatility. We also find that even though
estimates of the degrees of freedom parameters may appear drifting towards normality over
time, the drift is largely a consequence of reduced sample size.

Notice that in both MLE models, the confidence bounds are tighter than those from GMM.
One can view maximum likelihood as a limited case of GMM: under MLE the distribution
of errors is specified so that in a sense all of the moments are included.

Figure 3 continues comparison of MLE and GMM results via an error plot indicating two
standard error bands around respective estimates of γ. It makes apparent slight tendency
of GMM estimates of elasticity of volatility to fall below maximum likelihood estimates,
but not statistically significantly in most cases. Vertical elongation of error bands, albeit
visually obscured by unequal axes, confirms higher efficiency of likelihood-based methods,
while GMM offers a better robustness to deviations from Student t assumption. The cost of
robustness is GMM error bounds that are too wide using only one year of data.
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Unstable parameter Swap Maturity
Full sample 4-year sample 1-year sample

Test stat p-value Test stat p-value Test stat p-value

1y 6.15 0.000011 1.06 0.074838 1.40 0.038382
2y 4.71 0.000119 0.55 0.221385 1.43 0.036447

3y 3.71 0.000615 0.38 0.335616 1.22 0.054421

4y 2.99 0.002020 0.42 0.301211 0.10 0.809031
γ 5y 2.43 0.005656 0.56 0.214617 0.31 0.406709

7y 2.11 0.010141 1.29 0.047119 0.15 0.666442

10y 2.08 0.010669 2.53 0.004735 0.30 0.417252
30y 1.36 0.040955 4.96 0.000087 0.55 0.220174

1y 1.53 0.060953 0.37 0.415532 0.79 0.189978

2y 1.28 0.088493 0.20 0.625253 1.06 0.122281

3y 0.99 0.136375 0.22 0.597491 0.78 0.193076
4y 0.86 0.168758 0.30 0.491140 0.39 0.400522

ν 5y 0.87 0.167887 0.52 0.306565 0.19 0.643163

7y 0.92 0.153748 1.62 0.053891 0.25 0.542624
10y 0.99 0.137437 2.81 0.012670 0.53 0.302435

30y 0.85 0.172092 3.96 0.004172 0.82 0.181188

1y 8.80 0.001184 1.16 0.258936 1.50 0.166131

2y 7.41 0.002027 0.74 0.457096 1.62 0.143087
3y 5.37 0.005691 0.66 0.516620 1.39 0.190549

4y 4.10 0.012550 0.64 0.525798 0.46 0.678802

(γ, ν) 5y 3.16 0.026569 0.84 0.400945 0.37 0.766210
7y 2.64 0.044032 1.94 0.095945 0.38 0.753822

10y 2.44 0.054418 3.33 0.022923 0.68 0.499544

30y 1.51 0.163864 5.55 0.005164 0.89 0.374743

Table 11. Nyblom stability test for CEV model with Student t errors.
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Figure 3. Comparison of GMM and maximum likelihood estimates.
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4.4. Full Information Approach: Bayesian Estimation. Bayesian approach goes fur-
ther than maximum likelihood – in addition to the information contained in the data sample,
it utilizes prior information. Prior information could be either innate views, natural param-
eter restrictions (e.g., certain stability constraints) or information from earlier or related
studies.

Bayesian approach also resolves a potential problem with maximum likelihood algorithm
in that required multivariate optimization could be sometimes difficult, especially in the
multi-modal case, and could lead one to point estimates outside the reasonable range.

Since we are interested in full information approaches, we again have to specify parametric
form of the residual distribution. As before and out of the same considerations for robustness
against fat tails, we specify either normal or Student t-distributed residuals.12 The degrees
of freedom parameter will be allowed to be unknown random parameter with its own prior.

For estimation and sampling convenience we adopt the scale mixture of normals represen-
tation for the Student-t family of distributions13

(4.7) εt
∣∣ut ∼ N (0, ut) , where

1

ut
∼ G

(ν
2
,
ν

2

)
,

with G (df, S) denoting gamma distribution with degrees of freedom (shape) parameter df
and scale parameter S.

4.4.1. Prior Distributions. Regarding the prior distributions of the model parameters
(µ, σ, γ, ν) we follow the literature in postulating that all components are independent.

Mean parameter µ is a priori normally distributed:

(4.8) µ ∼ N
(
m0
µ, σ

2
0µ

)
.

Since weakly informative priors obtain when σ0µ is large, we set σ0µ = 10. We center the
distribution at zero (m0

µ = 0) as the results in the previous sections indicate that µ̂ ≈ 0.
Conditional posterior is also Gaussian:

(4.9) µ
∣∣σ, γ, ut, {rt}Tt=1 ∼ N

(
m1
µ, σ

2
1µ

)
,

where

σ−2
1µ = σ−2

0µ + σ−2
T∑
t=2

r−2γ
t−1

1

ut
,(4.10)

m1
µ = σ−2

1µ

(
σ−2

0µm
0
µ + σ−2

T∑
t=2

r−2γ
t−1

∆rt
ut

)
.(4.11)

The scale of volatility is assumed to follow an inverse-gamma prior distribution:

(4.12) σ2 ∼ IG (df0, S0)

with degrees of freedom parameter df0 and scale parameter S0. This distribution is convenient
since it is a conjugate prior for the univariate normal sampling model (Gelman, Carlin, Stern,
and Rubin, 1995), so that the posterior distribution, conditional on µ, γ and ut, is also
inverse-gamma:

(4.13) σ2

∣∣∣∣∣
{

rt − µ
rγt−1

√
ut

}T
t=2

∼ IG (df1, S1) ,

12Chan, Choy, and Lee (2007) advocate the exponential power distribution family that encompasses

normal and Laplace distributions.
13Scale mixture representation draws on the familiar genesis of t distribution as a ratio of normal and χ2

distributions. Indeed, G
(
ν
2
, ν
2

)
is χ2

ν .
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where

df1 = df0 + T − 1,(4.14)

S1 =
df0S0 +

∑T
t=2

1
ut

(
∆rt
rγt−1
− ∆rt

rγt−1

)2

T − 1
.(4.15)

To express ignorance about the scale of the process we have chosen vague prior for σ2 by
setting df0 = 0.2 and S0 = 100, 000.

For the elasticity of variance parameter, we propose uniform distribution on [1, 2].

(4.16) γ ∼ U [−1, 2].

This choice is motivated by desire to limit the range of possible values coupled with the lack
of substantially precise prior information. Indeed, the results in Chan, Karolyi, Longstaff,
and Sanders (1992) and Lubrano (2001) suggest that elasticity moderately in excess of unity
is common for short term interest rates while using –1 as a lower bound is designed to
conservatively bracket the range [0, 1] that is popular in the interest rate option pricing
literature. The prior mean corresponds to the CIR square root model (Cox, Ingersoll, and
Ross, 1985).

Lastly, we specify the prior for the degrees of freedom parameter as uniform on [1, 30]:

(4.17) ν ∼ U [1, 30].

ν = 1 corresponds to the Cauchy distribution with infinite mean, and we therefore assume
that CEV residuals do not have tails fatter than Cauchy’s. Similarly, it is well known that
Student t distribution with ν of about 30 comes very close to normal distribution, and it
would be very hard and perhaps pointless to try to distinguish values of ν above that range.

4.4.2. Objects of Interest. The main object of interest is the joint posterior distribution of

the four unknown parameters, p
(
µ, σ, γ, ν

∣∣ {rt}Tt=1

)
, and the corresponding four marginal

posterior distributions. Direct calculation of these is complicated, since we have to integrate
our latent mixing parameters and because priors for γ and ν are not conjugate. Direct
marginalizing γ or ν out of the joint posterior is also difficult, since it involves three-
dimensional integration needed to infer the normalizing constant in

(4.18) p
(
µ, σ, γ, ν

∣∣ {rt}Tt=1

)
∝ p

(
{rt}Tt=1

∣∣µ, σ, γ, ν) p(µ, σ, γ, ν).

Instead, we turn to the popular Markov chain Monte Carlo class of algorithms (Gelman,
Carlin, Stern, and Rubin, 1995; Robert and Casella, 2000).

4.4.3. Markov Chain Monte Carlo Algorithm. Markov chain Monte Carlo is a general
framework of specifying and simulating an irreducible aperiodic Markov chain with an
ergodic transition kernel such that the complete posterior is the chain’s invariant distribution.
Running the simulation long enough then guarantees that the distribution of current draws is
close enough to the target distribution. One particular celebrated special case is the so called
Gibbs sampler (Gelfand and Smith, 1990) where the parameters are split into multiple blocks,
parameters in one block are sampled conditional on the values of parameters in remaining
blocks and the Markov chain is constructed by cycling through the drawing procedure for
each conditional distribution. The sampler can be justified by the Clifford-Hammersley
theorem (Robert and Casella, 2000). That the stationary distribution of the resulting chain
is indeed the joint distribution of interest makes it possible to sample from joint posterior
without knowledge of either the joint density or the marginal densities of the blocks. Having a
sample from the joint posterior enables sampling from marginal posterior by simply ignoring
draws of remaining parameters.

In the case of the CEV model, the Gibbs sampler iterates through the following four steps:

(1) sample µ from p

(
µ

∣∣∣∣σ, γ, ν, {rt}Tt=1

)
= N

(
m1
µ, σ

2
1µ

)
;
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(2) sample σ from p

(
σ2

∣∣∣∣µ, γ, ν, {rt}Tt=1

)
= p

(
σ2

∣∣∣∣∣ { rt−µ
rγt−1

√
ut

}T
t=2

)
= IG (df1, S1);

(3) sample γ from p

(
γ

∣∣∣∣µ, σ, ν, {rt}Tt=1

)
;

(4) sample ν from p

(
ν

∣∣∣∣µ, σ, γ, {rt}Tt=1

)
.

The kernel of the conditional posterior for γ takes the following non-standard form:

(4.19) p

(
γ

∣∣∣∣µ, σ, ν, {rt}Tt=1

)
∝

T∏
t=2

Γ
(
ν+1

2

)
Γ
(
ν
2

)
σrγt−1

√
νπ

(
1 +

1

ν

(
∆rt − µ
σrγt−1

)2
)−(ν+1)/2

.

Similarly, the kernel of conditional posterior for ν is also non-standard14:

(4.20) p

(
ν

∣∣∣∣µ, σ, γ, {rt}Tt=1

)
∝

T∏
t=2

Γ
(
ν+1

2

)
Γ
(
ν
2

)
σrγt−1

√
νπ

(
1 +

1

ν

(
∆rt − µ
σrγt−1

)2
)−(ν+1)/2

.

Following Meyer and Yu (2000) and Chan, Choy, and Lee (2007) we make use of a
freely available Bayesian software, JAGS, (Plummer, 2011), that provides an easy and
efficient implementation of the Gibbs sampler with adaptive enhancements to deal with
non-standard conditional posterior kernels as above (Gilks, Best, and Tan, 1995). Within the
warm-up period, the algorithm progressively builds an almost-envelope for the target density,
and afterward applies Metropolis-Hasting algorithm to deliver samples from non-standard
conditional posteriors. This is designed to ensure good acceptance rate and fast exploration
of the conditional posterior distribution.

In theory, output from an MCMC sampler converges to the target posterior distribution
in the limit as the number of iterations tends to infinity. In practice, all MCMC runs are
finite. By convention, the post-adaptation MCMC output is split into two parts: an initial
“burn-in”, which is discarded, and the remainder in which convergence is assumed to be
achieved. Samples from the second part are used to create approximate summary statistics
for the target distribution since any measurable function of a stationary and ergodic sequence
is stationary and ergodic, so that the ergodic law of large number applies. We set the length
of adaptation phase to 5,000 cycles, burn-in to 5,000 cycles and then generated 250,000
samples from the approximate posterior. These samples were further “thinned-out” by
preserving every 25th sample in order to reduce the autocorrelation among subsequent draws.
The remaining final sample of 10,000 parameter draws easily passed Heidelberger and Welch
test (Heidelberger and Welch, 1983) as well as all other convergence diagnostics listed in
Gamerman (1997).

4.4.4. Posterior Inference. Posterior medians and posterior 95% confidence bounds for
different swap maturities and subsamples are shown in table 12. The results are in excellent
agreement with ML estimates in table 10, particularly regarding the magnitudes and patterns
of elasticity estimates over maturities and over different subsamples. These patterns continue
suggesting downward-sloping elasticity as the rates go higher. Consistency with MLE
illustrates general vagueness of our prior assumptions. The upper bounds of posterior
confidence intervals for γ are, however, substantially smaller for the 1-year data window due
to asymmetry of the marginal posterior distribution while the asymptotic MLE bounds are
based on a normal distribution and thus are symmetric.

Indeed, a conflict between prior and likelihood information is evident in figure 4 where
posterior density of γ for 30-year swap rate estimated over 1-year subsample leans against
the upper bound of the prior’s support. Similar conflicts occur for all maturities over 4-year,

14Right-hand side expressions in (4.19) and (4.20) are identical as both posteriors are proportional to the
likelihood function. What separates the two is that the former is a function of γ, and the latter is a function

of ν. Both equations also omit different normalization constants.
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Swap Maturity Parameter
Full Sample 4-year Window 1-year Window

Posterior Posterior Posterior Posterior Posterior Posterior

Median 95% Bounds Median 95% Bounds Median 95% Bounds

µ -0.001 (-0.002,0) -0.001 (-0.002,0) 0.000 (-0.002,0.002)

1y σ 0.021 (0.02,0.023) 0.030 (0.028,0.033) 0.019 (0.012,0.031)

γ 0.299 (0.257,0.342) 0.951 (0.85,1.056) 0.374 (-0.351,1.103)
ν 2.897 (2.576,3.273) 5.388 (4.025,7.592) 6.479 (3.554,15.438)

µ -0.002 (-0.003,0) -0.001 (-0.003,0.001) 0.000 (-0.002,0.002)
2y σ 0.030 (0.028,0.032) 0.031 (0.029,0.033) 0.023 (0.014,0.036)

γ 0.304 (0.253,0.354) 0.960 (0.849,1.073) 0.598 (-0.232,1.457)
ν 3.404 (2.985,3.918) 5.191 (3.891,7.272) 4.579 (2.791,8.742)

µ -0.002 (-0.004,0) -0.001 (-0.003,0.001) 0.000 (-0.003,0.003)
3y σ 0.035 (0.032,0.038) 0.029 (0.027,0.032) 0.029 (0.021,0.038)

γ 0.258 (0.2,0.319) 0.937 (0.823,1.054) 1.265 (0.414,1.925)

ν 3.853 (3.341,4.501) 5.154 (3.849,7.146) 4.274 (2.655,8.015)

µ -0.002 (-0.004,0) -0.002 (-0.004,0.001) -0.001 (-0.004,0.002)
4y σ 0.040 (0.036,0.043) 0.028 (0.025,0.031) 0.028 (0.024,0.032)

γ 0.194 (0.124,0.262) 0.910 (0.779,1.035) 1.715 (1.065,1.987)

ν 4.217 (3.621,4.978) 5.480 (4.094,7.841) 5.641 (3.247,12.464)

µ -0.003 (-0.005,-0.001) -0.002 (-0.005,0.001) -0.002 (-0.006,0.002)
5y σ 0.044 (0.039,0.048) 0.026 (0.023,0.03) 0.023 (0.02,0.027)

γ 0.143 (0.065,0.222) 0.896 (0.747,1.042) 1.750 (1.183,1.986)

ν 4.367 (3.74,5.19) 5.530 (4.074,7.949) 7.880 (3.965,23.405)

µ -0.003 (-0.005,0) -0.002 (-0.006,0.002) -0.003 (-0.008,0.002)
7y σ 0.052 (0.045,0.06) 0.026 (0.022,0.031) 0.018 (0.015,0.025)

γ 0.012 (-0.085,0.104) 0.811 (0.63,0.987) 1.664 (1.014,1.981)

ν 4.837 (4.079,5.834) 6.071 (4.372,8.972) 15.128 (5.704,28.941)

µ -0.003 (-0.005,-0.001) -0.002 (-0.006,0.002) -0.003 (-0.01,0.003)
10y σ 0.062 (0.052,0.073) 0.028 (0.022,0.036) 0.015 (0.011,0.026)

γ -0.116 (-0.228,-0.007) 0.658 (0.443,0.872) 1.619 (0.868,1.979)

ν 4.869 (4.095,5.89) 5.374 (3.958,7.737) 16.196 (5.913,29.232)

µ -0.002 (-0.004,0) -0.002 (-0.006,0.002) -0.003 (-0.011,0.004)

30y σ 0.109 (0.088,0.136) 0.061 (0.041,0.089) 0.011 (0.007,0.028)
γ -0.517 (-0.651,-0.381) -0.051 (-0.342,0.241) 1.544 (0.659,1.974)

ν 5.655 (4.682,7.022) 5.000 (3.765,7.05) 12.526 (4.941,28.496)

Table 12. Bayesian estimation results.

whereas posterior densities for shorter maturities tend to gravitate toward the center of the
prior’s support. The model can be easily re-estimated by widening the support of the prior
distribution. However, no such conflicts arise for longer samples, so we continue to trust our
prior beliefs about plausible range for elasticity and leave the priors alone.

5. Multivariate Common Constant Elasticity of Variance Model

5.1. The Model. It is often inconvenient to treat related risk factor time-series separately
with regard to selection of functional form. Indeed, if the different series represent rates or
spreads on similar instruments across the spectra of maturity or credit rating, assigning some
to returns and others to differences makes explaining comovements more difficult, opens
a door to the suspicion of gaming the system and leaves an impression of arbitrariness,
especially if supporting evidence is vague.

Thus, it makes sense to constrain the elasticity of variance in the cross-section of related
risk factors, while still allowing differential volatility scales and other parameters. In other
words, consider the following model for the cross-section of N related risk factor time-series.

(5.1) ∆rit = µi + σir
γ
itεit, εit ∼ tνi , i = 1, . . . , N, t = 1, . . . , T.

5.2. Estimation. This model could be treated with GMM or maximum likelihood methods,
but neither likelihood function nor GMM objective factorize exactly along different sets of
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Figure 4. Posterior distribution of elasticity of volatility of US dollar
30-year interest rate swap rates over 1-year subsample.

series-specific parameters, which calls for multivariate optimization, which could be delicate
to set up and ensure convergence to the global optimum. On the other hand, Bayesian
approach of the previous section can be extended to the common elasticity of volatility setting
in a straightforward fashion. Therefore, we focus on Bayesian computation to facilitate this
model.

Again, we make an independent prior assumption for all µi, σi, and νi:

(5.2) p (µ,σ, γ,ν) = p (γ)

N∏
i=1

p (µi) p (σi) p (νi) ,

where boldface variables denote vectors of parameters in the cross-section.
Component priors take the same convenient functional form as in the single time-series

case, except for wider prior for νi:

µi ∼ N
(
m0
µ, σ

2
0µ

)
,(5.3)

σ2
i ∼ IG (df0, Si0) ,(5.4)

γ ∼ U [−1, 2],(5.5)

νi ∼ U [1, 130].(5.6)

The Gibbs sampler algorithm for the multivariate version proceeds similarly:

(1) sample µi from

p

(
µi

∣∣∣∣µ−i,σ, γ,ν, {rit}N,Ti=1,t=1

)
= p

(
µi

∣∣∣∣σi, γ, νi, {rit}Tt=1

)
= N

(
m1
µi , σ

2
1µi

)
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for each i = 1, . . . , N ;
(2) sample σi from

p

(
σ2
i

∣∣∣∣µ, σ−i, γ,ν, {rit}N,Ti=1,t=1

)
= p

(
σ2
i

∣∣∣∣µi, γ, νi, {rit}Tt=1

)
= IG (df1, S1i)

for each i = 1, . . . , N ;
(3) sample γ from

p

(
γ

∣∣∣∣µ,σ,ν, {rit}N,Ti=1,t=1

)

∝
N∏
i=1

T∏
t=2

Γ
(
νi+1

2

)
Γ
(
νi
2

)
σir

γ
it−1

√
νiπ

(
1 +

1

νi

(
∆rit − µi
σir

γ
it−1

)2
)−(νi+1)/2

;

(5.7)

(4) sample νi from

p

(
νi

∣∣∣∣µ,σ, γ, {rit}N,Ti=1,t=1

)
= p

(
νi

∣∣∣∣µi, σi, γ, {rit}Tt=1

)

∝
T∏
t=2

Γ
(
νi+1

2

)
Γ
(
νi
2

)
σir

γ
it−1

√
νiπ

(
1 +

1

νi

(
∆rit − µi
σir

γ
it−1

)2
)−(νi+1)/2(5.8)

for each i = 1, . . . , N ,

where µ−i is a shorthand for {µ1, . . . , µi−1, µi+1, . . . , µN}, and similarly for σ−i and ν−i
symbols.

5.3. Posterior Inference. Table 13 gives posterior medians and posterior 95% confidence
bounds for all parameters of common constant elasticity of volatility model, while figure 5
compares posterior shapes for γ distributions. The results are very similar for all maturity-
specific parameters except for the scale of volatility at the long end of the curve using the
full sample and for 30-year maturity using 4-year sample. Common elasticity of volatility is
estimated higher than the average of individual elasticities in all cases, with little overlap of
posterior distribution using full or 4-year samples. For each sample, the overlap of posterior
distributions for νi is also substantial, with an exception of one- and two-year maturities using
full sample. This suggests further reduction in the number of distinct model parameters.

All in all, the full sample is suggestive of difference representation of interest rate swap
rate risk, while risk over 4-year and 1-year windows would be better represented in yield
return space.

6. Variable Elasticity of Volatility Model

6.1. The Model. Changes in elasticity estimators over sub-samples dominated by low rates
as well as non-parametric evidence in a later section 8 suggests that modeling elasticity of
volatility as a constant throughout the entire time-series range is perhaps too restrictive. A
common pattern emerging from non-parametric analysis of credit spread series is that elasticity
tends to rise with spread level, but remains range-bound. Some kind of sigmoid function
would be able to capture this shape. In particular, we posit the following representation of
the variable elasticity of volatility:

(6.1) γ (r) =
3

π
atan (β0 + β1r) +

1

2
.

Scaling factor 3/π is there to ensure that γ ∈ (−1, 2). With (6.1), the statistical model for a
single time-series of interest becomes

(6.2) ∆rt = µ+ σr
γ(r)
t−1 εt.

We continue assuming Student t distribution for the error term εt.
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Swap Maturity Parameter
Full Sample 4-year Window 1-year Window

Posterior Posterior Posterior Posterior Posterior Posterior

Median 95% Bounds Median 95% Bounds Median 95% Bounds

µ -0.001 (-0.002,0) -0.001 (-0.002,0) 0.000 (-0.002,0.002)

1y σ 0.023 (0.021,0.024) 0.029 (0.027,0.032) 0.038 (0.03,0.048)

ν 2.812 (2.509,3.161) 5.298 (3.99,7.417) 6.046 (3.385,14.996)

µ -0.002 (-0.003,0) -0.001 (-0.003,0.001) 0.000 (-0.002,0.003)

2y σ 0.033 (0.031,0.035) 0.031 (0.029,0.033) 0.035 (0.028,0.043)
ν 3.382 (2.973,3.898) 5.165 (3.86,7.234) 4.293 (2.663,8.057)

µ -0.002 (-0.004,0) -0.001 (-0.003,0.001) 0.000 (-0.003,0.003)

3y σ 0.037 (0.035,0.039) 0.030 (0.027,0.032) 0.031 (0.025,0.037)

ν 3.871 (3.34,4.522) 5.137 (3.853,7.243) 4.362 (2.685,8.327)

µ -0.002 (-0.004,0) -0.002 (-0.004,0.001) -0.001 (-0.004,0.002)
4y σ 0.039 (0.037,0.041) 0.028 (0.026,0.03) 0.027 (0.023,0.031)

ν 4.205 (3.622,4.961) 5.474 (4.087,7.787) 5.399 (3.132,11.897)

µ -0.003 (-0.005,-0.001) -0.002 (-0.005,0.001) -0.002 (-0.006,0.002)

5y σ 0.040 (0.038,0.042) 0.027 (0.024,0.029) 0.024 (0.021,0.028)
ν 4.342 (3.719,5.144) 5.494 (4.074,7.948) 7.284 (3.792,20.653)

µ -0.003 (-0.005,0) -0.002 (-0.006,0.002) -0.003 (-0.008,0.002)
7y σ 0.040 (0.038,0.042) 0.024 (0.022,0.027) 0.020 (0.017,0.024)

ν 4.743 (4.011,5.712) 6.157 (4.422,9.243) 14.460 (5.705,28.759)

µ -0.003 (-0.005,0) -0.002 (-0.006,0.002) -0.004 (-0.01,0.003)

10y σ 0.039 (0.036,0.041) 0.022 (0.02,0.024) 0.016 (0.013,0.021)
ν 4.702 (3.98,5.668) 5.469 (4.022,7.904) 15.707 (5.719,29.054)

µ -0.002 (-0.004,0) -0.002 (-0.006,0.002) -0.003 (-0.011,0.004)

30y σ 0.035 (0.033,0.037) 0.018 (0.016,0.02) 0.013 (0.009,0.017)

ν 4.778 (4.031,5.755) 4.522 (3.463,6.162) 12.455 (4.933,28.516)

γ 0.206 (0.183,0.229) 0.883 (0.835,0.931) 1.446 (1.15,1.734)

Table 13. Bayesian estimation results for common elasticity of volatility model.

The model is estimated by Bayesian approach. Prior assumptions regarding drift, volatility
and degrees of freedom parameters remain the same as in 5.2. Additionally, we specify
independent vague Gaussian priors for β0 and β1

β0 ∼ N
(
mβ0

, σ2
β0

)
,(6.3)

β1 ∼ N
(
mβ1

, σ2
β1

)
,(6.4)

with mβ0 = mβ1 = 0 and σβ0 = σβ1 = 100.

6.2. Posterior Inference. Estimation results are in table 14. Posterior distributions of
new parameters β0 and β1 fall into three categories. The first category of estimates contain
posterior distributions for short rates (up to 4-year maturity) using the full sample of data.
This category is characterized by the entirely negative posterior for β0 whereas the posterior
for β1 lies wholly in the positive territory. The signs of β0 and β1 are reversed in the second
category which contains longer maturities over the full sample and all maturities over the
four-year sample. The third category comprises all estimates using one-year sample with
posterior distributions for both parameters having significant mass on both sides of zero,
indicating that variable elasticity of volatility is not necessary over such a short estimation
window. Over that window, large values of the Student t shape parameter ν for the long end
of the curve also confirm that non-normal fat tails are probably not required.

Typical shapes of elasticity of volatility are shown in the upper panels of figure 6 where
we selected representative examples from the first two categories. Namely, we used posterior
medians estimated over the full sample for 1-year and 5-year interest rates swaps respectively.
The lower panels translate estimated elasticities into implied profiles of volatility function,
using median σ to scale it into the right units. The volatility profile is non-monotone in both
cases since elasticity eventually becomes negative for either very low rates or for very high
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Figure 5. Posterior distributions of common elasticity of volatility of US
dollar interest rate swap rates.

rates. This may be an undesirable feature of our parameterization of the sigmoid elasticity
function with forced negative asymptote. This feature is particularly pernicious for the
first category where elasticity turns negative for very low rates since this may magnify the
possibility of negative rates. A more flexible specification may do better by making sigmoid
bounds free parameters. Alternatively, we can specify piecewise volatility function with
different profiles for low and high rates. A version of the latter idea is pursued in section 7.
For the second category of posterior distributions, negative elasticity at high rates is much
less of a problem. The profile in the bottom right panel presents support for shifting the risk
form from returns to differences at about 3% interest rate level. The switch from returns to
differences is in line with evidence of section 3.3.

6.3. Model Comparison. Comparioson of two models in the Bayesian framework is typi-
cally done via the posterior odds ratio. When the prior odds ratio is set to 1, as is done in
much of the Bayesian literature in the absense of strong preferences for a particular model
and also in the present paper, the log posterior odds ratio is given by the log Bayes factor,
that is the difference of marginal log-likelihoods of the two competing models.

(6.5) log
p(M0|y)

p(M1|y)
= log

p(y|M0)

p(y|M1)
+ log

π(M0)

π(M1)
= log

p(y|M0)

p(y|M1)
.

To calculate the marginal likelihood, we follow Chib (1995) by using Bayes’ theorem

(6.6) log p(y|Mk) = log p(y|θ,Mk) + log p(θ|Mk)− log p(θ|y,Mk),
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Swap

Maturity
Parameter

Full Sample 4-year Window 1-year Window
Posterior Posterior Posterior Posterior Posterior Posterior

Median 95% Bounds Median 95% Bounds Median 95% Bounds

µ -0.001 (-0.002, -0.000) -0.001 (-0.002, 0.000) 0.000 (-0.002, 0.002)

σ 0.005 (0.005, 0.005) 0.033 (0.029, 0.037) 0.038 (0.015, 0.048)

1y β0 -28.586 (-37.503,-21.072) 0.828 (0.524, 1.211) -4.956 (-9.747, -0.509)
β1 28.640 (21.174, 37.664) -0.204 (-0.389, -0.030) 12.728 (0.129, 24.378)

ν 2.006 (2.000, 2.030) 5.271 (3.961, 7.376) 10.185 (4.367, 90.383)

µ -0.003 (-0.004, -0.001) -0.001 (-0.003, 0.001) 0.000 (-0.002, 0.003)

σ 0.006 (0.006, 0.006) 0.031 (0.029, 0.034) 0.034 (0.011, 0.047)
2y β0 -28.291 (-37.464,-20.658) 0.734 (0.403, 1.122) -1.225 (-8.210, 11.741)

β1 28.427 (20.875, 37.540) -0.116 (-0.280, 0.056) 4.838 (-9.653, 20.100)

ν 2.005 (2.000, 2.027) 5.038 (3.802, 7.027) 4.587 (2.733, 9.125)

µ -0.002 (-0.003, -0.000) -0.001 (-0.003, 0.001) 0.000 (-0.003, 0.003)

σ 0.005 (0.005, 0.006) 0.029 (0.027, 0.032) 0.035 (0.025, 0.041)
3y β0 -26.335 (-35.197,-18.965) 0.694 (0.344, 1.096) 3.579 (-6.995, 20.666)

β1 26.426 (18.921, 35.417) -0.087 (-0.232, 0.059) 4.779 (-10.466, 21.435)
ν 2.005 (2.000, 2.027) 5.065 (3.819, 7.077) 4.367 (2.688, 8.407)

µ -0.003 (-0.005, -0.002) -0.002 (-0.004, 0.001) -0.001 (-0.004, 0.002)
σ 0.005 (0.004, 0.005) 0.027 (0.025, 0.030) 0.028 (0.024, 0.033)

4y β0 -25.135 (-34.437,-17.399) 0.780 (0.353, 1.281) 6.205 (-6.754, 23.463)

β1 25.212 (17.520, 34.446) -0.111 (-0.261, 0.031) 6.190 (-8.361, 22.902)
ν 2.005 (2.000, 2.027) 5.437 (4.075, 7.695) 5.764 (3.297, 13.638)

µ -0.003 (-0.005, -0.001) -0.002 (-0.005, 0.001) -0.002 (-0.005, 0.002)

σ 0.026 (0.024, 0.029) 0.024 (0.021, 0.028) 0.023 (0.020, 0.026)

5y β0 0.988 (0.798, 1.178) 0.968 (0.394, 1.657) 4.934 (-10.376, 22.873)
β1 -0.210 (-0.239, -0.180) -0.148 (-0.323, 0.008) 6.999 (-5.580, 23.310)

ν 5.579 (4.597, 6.870) 5.522 (4.090, 7.908) 8.725 (4.115, 64.043)

µ -0.003 (-0.005, -0.001) -0.002 (-0.006, 0.001) -0.003 (-0.008, 0.003)

σ 0.024 (0.021, 0.028) 0.022 (0.018, 0.029) 0.017 (0.015, 0.020)
7y β0 0.925 (0.688, 1.166) 0.984 (0.140, 1.959) 3.933 (-11.765, 22.577)

β1 -0.185 (-0.218, -0.154) -0.138 (-0.351, 0.038) 6.897 (-3.652, 23.477)

ν 5.777 (4.774, 7.173) 6.092 (4.415, 9.126) 46.685 (7.705,125.361)

µ -0.003 (-0.005, -0.001) -0.002 (-0.006, 0.002) -0.003 (-0.009, 0.003)
σ 0.024 (0.020, 0.031) 0.020 (0.014, 0.033) 0.012 (0.011, 0.015)

10y β0 0.779 (0.444, 1.078) 1.068 (-0.052, 2.470) 3.704 (-12.551, 22.046)

β1 -0.158 (-0.194, -0.121) -0.158 (-0.430, 0.033) 6.995 (-2.901, 22.637)
ν 5.308 (4.427, 6.496) 5.448 (4.017, 7.889) 54.923 (8.331,125.985)

µ -0.002 (-0.004, -0.000) -0.003 (-0.007, 0.001) -0.003 (-0.010, 0.005)

σ 0.047 (0.028, 0.120) 0.015 (0.011, 0.032) 0.008 (0.007, 0.010)

30y β0 0.073 (-2.082, 0.622) 2.197 (0.497, 4.001) 3.331 (-14.918, 22.016)
β1 -0.124 (-0.162, 0.004) -0.411 (-0.752, -0.141) 7.377 (-2.185, 22.801)
ν 5.730 (4.745, 7.125) 5.164 (3.877, 7.333) 25.683 (5.929,120.255)

Table 14. Bayesian estimation results for variable elasticity of volatility model.

where Mk denotes kth model, k ∈ {0, 1}, whereas θ is a high density point in the parameter
space, such as the posterior median. The first term on the right hand side of (6.6) is the
standard log-likelihood, the second term is the log prior density, while the third term involves
the posterior density of parameters. Since only the sample from the posterior density is
available, we make use of a multivariate kernel density estimate to approximate the last
term, following Kim, Shephard, and Chib (1998).

Table 15 presents log Bayes factors for comparison of Bayesian constant elasticity model
with Student t residuals from section 4 against the sigmoid variable elasticity model currently
discussed. To intepret log Bayes factors, we use Jeffreys (1961) scale. Accordingly, the
evidence in the full sample is decisive in favor of CEV model for maturities up to 4-year,
decisive in favor of variable elasticity model for 5-year to 10-year maturities and barely worth
mentioning in favor of CEV for 30-year maturities. In the four year sample, the evidence
in favor of CEV is substantial for 1-year maturity, strong for 3-5 year maturities, barely
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Figure 6. Typical estimated elasticity and volatility profiles.

Swap Maturity
Full

sample

4-year

sample

1-year

sample

1y 1244.410 2.903 3.284
2y 1244.184 4.270 6.054

3y 1162.967 3.959 5.768
4y 1113.342 3.824 5.560

5y -88.976 3.687 6.230

7y -48.814 4.481 7.037
10y -20.805 4.269 6.679

30y 0.423 1.059 7.156

Table 15. Log Bayes factors for constant elasticity of volatility model (M0)
against variable elasticity alternative (M1).

worth mentioning for 30-year maturity and very strong in the remaining cases. In the one
year sample, the evidence in favor of CEV is strong for 1-year maturity and decisive for all
others. We can therefore conclude that sigmoid variable elasticity model is only a successful
extension for longer maturities in full sample and is not needed in shorter subsamples. If
variable elasticity is important for shorter maturities or shorter subsamples, we are advised
to find better ways to account for the potential decline of elasticity of volatility with the
level of interest rates.
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7. Hybrid Piecewise Risk Representations

7.1. The Model. Kainth, Kwiatkowski, and Muirden (2010), inspired by Rebonato, Mahal,
Joshi, Buchholz, and Nyholm (2005), posit the following piecewise CEV-type process:

(7.1) ∆rt = µ+ σH (rt−1; rL, rU , λ, γ) εt,

whereH (rt−1; rL, rU , λ, γ) =
(
rt−1

rL

)γ
1rt−1<rL+1rL≤rt−1<rU+(1 + λ · (rt−1 − rU ))1rU≤rt−1

.

We add to (7.1) an assumption concerning error terms, εt ∼ tν . The volatility profile implied
by (7.1) is shown in figure 7.
rU is identified if λ 6= 0, and larger λ makes identification easier. To ensure rU > rL we

set rU = rL + exp(δ). In the absence of a priori knowledge about new parameters, we specify
vague independent normal priors for log(rL), δ and λ. Other priors are as before.

To conserve space and to help identification of cutoff parameters,15 we constrained
parameters that control the shape of the volatility profiles, namely rL, rU , γ and λ to be the
same across the entire term structure. Bayesian posterior inference is presented in table 16.

7.2. Posterior Inference. Using full sample, the distance between estimated rL and rU is
very small, suggesting that the middle regime is not necessary. The slope of the relationship
between volatility and swap rate in the third regime is negative which is also illustrated
in posterior median volatility profile in figure 8. This finding is in agreement with the
variable elasticity of volatility results in table 14 where posterior for the slope parameter β1

lies unambiguously below zero. Both models therefore agree that for the full sample, the

15Cutoff parameters rL and, especially, rU are difficult to identify because of scarcity of data corresponding

to the right-most section of the profile and because of small estimated values of λ for the full sample.
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Swap Maturity Parameter
Full Sample 4-year Window 1-year Window

Posterior Posterior Posterior Posterior Posterior Posterior

Median 95% Bounds Median 95% Bounds Median 95% Bounds

µ -0.001 (-0.002,0) -0.001 (-0.002,0) 0.000 (-0.002,0.002)

1y σ 0.047 (0.044,0.049) 0.002 (0.001,0.004) 0.002 (0.001,0.004)

ν 3.708 (3.233,4.296) 5.389 (4.063,7.534) 6.634 (3.558,18.151)

µ -0.001 (-0.003,0) -0.001 (-0.003,0.001) 0.000 (-0.002,0.003)

2y σ 0.062 (0.059,0.066) 0.002 (0.001,0.004) 0.002 (0.001,0.003)
ν 4.839 (4.083,5.823) 5.231 (3.938,7.322) 4.540 (2.763,8.949)

µ -0.002 (-0.004,0) -0.001 (-0.003,0.001) 0.000 (-0.003,0.003)

3y σ 0.066 (0.062,0.069) 0.002 (0.001,0.004) 0.002 (0.001,0.003)

ν 5.347 (4.481,6.531) 5.151 (3.858,7.267) 4.198 (2.631,7.707)

µ -0.002 (-0.004,-0.001) -0.002 (-0.004,0.001) -0.001 (-0.004,0.002)
4y σ 0.067 (0.064,0.07) 0.002 (0.001,0.004) 0.001 (0.001,0.003)

ν 5.483 (4.564,6.702) 5.485 (4.061,7.777) 4.914 (2.945,9.664)

µ -0.003 (-0.005,-0.001) -0.002 (-0.005,0.001) -0.002 (-0.006,0.002)

5y σ 0.069 (0.065,0.072) 0.002 (0.001,0.003) 0.001 (0.001,0.003)
ν 5.441 (4.535,6.649) 5.555 (4.071,8.042) 6.200 (3.426,16.543)

µ -0.003 (-0.005,-0.001) -0.002 (-0.006,0.002) -0.003 (-0.009,0.002)
7y σ 0.069 (0.065,0.072) 0.002 (0.001,0.003) 0.001 (0.001,0.003)

ν 5.553 (4.607,6.846) 6.231 (4.437,9.432) 15.628 (5.222,113.934)

µ -0.003 (-0.005,-0.001) -0.002 (-0.006,0.002) -0.004 (-0.01,0.002)

10y σ 0.068 (0.065,0.072) 0.001 (0.001,0.003) 0.001 (0.001,0.003)
ν 5.142 (4.303,6.245) 5.462 (4.012,7.903) 27.290 (5.604,122.556)

µ -0.002 (-0.004,-0.001) -0.002 (-0.006,0.002) -0.004 (-0.011,0.004)

30y σ 0.066 (0.063,0.07) 0.001 (0.001,0.002) 0.001 (0.001,0.003)

ν 5.762 (4.755,7.155) 4.433 (3.38,6.021) 14.513 (4.931,110.844)

rL 2.867 (2.688,2.976) 0.000 (0,0.044) 0.001 (0,0.156)
rU 2.900 (2.774,3.158) 0.002 (0,0.063) 0.015 (0,0.194)

λ -0.124 (-0.133,-0.116) 14.205 (6.925,26.772) 17.651 (7.951,30.363)

γ 0.725 (0.685,0.766) 0.505 (-0.924,1.909) 0.507 (-0.925,1.926)

Table 16. Bayesian estimation results for hybrid piecewise elasticity of
volatility model.

swap rates are best modeled in returns below the cutoff of about 280 basis points and as
simple differences above it. For more recent subsamples, swap rates at most maturities do
not reach that cutoff level. As a result sub-sample-specific cutoffs fall significantly so that
most of the sample is located above the cutoff.16 Using 4-years sample, piecewise model
suggests a proportional law specification while sigmoid-type model of section 6 is somewhat
less conclusive if slope parameter β1 is maturity-specific since for some maturities and for
sufficiently high rates during the last 4-years the elasticity drops close to zero. Imposing the
same β1 for all terms results in negative β1 (not shown), which overall suggests percentage
change representation. Finally, we conclude that the swap rate risks in the most recent year
are best represented as percentage changes in rates. Since the degrees of freedom parameters
indicate only moderate departure from normality, the added benefit of rates following a
proportional law is a virtual guarantee that rates will remain positive.

7.3. Model Comparison. We applied Bayesian model selection methodology, described in
section 6.3, to discriminate constant elasticity model of section 4.4 (M)) against the current
piecewise model. The log Bayes factors are shown in table 17. Here, we find decisive evidence
in favor of piecewise model for all maturities in the long sample except 30-year maturity.
This resolves the curious issue we observed with the first group volatility profiles described
in section 6.2 as driven by bounds on sigmoid elasticity function that are at odds with the
data. For shorter subsamples, variable elasticity of volatility, as before, is unnecessary.

16Extremely wide posterior distribution of elasticity γ in the first regime is also a consequence of this

since hardly any observation falls into that regime.
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Figure 8. Hybrid piecewise volatility profile for 5-year swap maturity using
full sample.

Swap Maturity
Full

sample

4-year

sample

1-year

sample

1y -100.883 13.532 15.079
2y -135.886 11.547 13.972

3y -127.043 12.224 13.021
4y -102.355 13.460 16.148

5y -76.828 13.762 16.995

7y -34.559 15.048 16.478
10y -6.642 16.884 14.656

30y 5.826 37.500 13.474

Table 17. Log Bayes factors for constant elasticity of volatility model (M0)
against hybrid piecewise alternative (M1).

8. Nonparametric Volatility Function

More general encompassing alternative is to start with general continuous time diffusion
specification

(8.1) drt = µ (rt) + σ (rt) dWt.

Several authors developed the idea of letting the diffusion coefficient of the instantaneous
rate process to be modeled by the data themselves through a nonparametric approach based
on the nonparametric estimation of the conditional density of the series. The clear advantage
of nonparametric specification is its flexibility.
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Among several competing estimators, estimator of Stanton (1997) is lauded as simple and
reliable by a comparative study of Renò, Roma, and Schaefer (2006). It is given by

(8.2) σ̂2 (r) =

∑T−1
t=1 (rt+1 − rt)2K

(
r−rt
h

)∑T−1
t=1 K

(
r−rt
h

) ,

where K (x) is a kernel function that depends on the smoothing parameter (bandwidth) h.
Gaussian kernel K (x) = 1√

2π
exp

(
x2/2

)
is a convenient and common choice. The choice

of the smoothing parameter h regulates the tradeoff between bias and efficiency. For the
estimator (8.2), Stanton (1997) recommends

(8.3) h = 4V̂ar (rt)T
− 1

5 .

Estimator (8.2) is intuitive. Indeed, one can recognize it as average of squared differences
weighted by a kernel function. With uniform kernel, the estimator amounts to the sample
variance localized to the neighborhood of the point of interest. As one moves the spread value
of interest through its range, the neighborhood moves as well and the estimate continually
updated. With Gaussian kernel, diminishing consideration is given to the moves that occurred
further away from the point of interest. Using Gaussian kernel allows selection of kernel
bandwidth without worry about it being smaller than the minimal gap between observed
rate which would pose a problem for kernels with finite support.

We implemented kernel estimator (8.2) on our interest rate swap example. Univariate
time-series results fall roughly in the three sub-groups. Short maturities (one to three year)
are exemplified by profiles in the upper left panel of figure 9 with upward sloping volatility
shape based on four year sample and flat profiles based on either full sample or the most
recent year. For medium maturities, shown in the upper right panel, volatility profile based
on the most recent year is no longer flat but is rising gently. At the long end, profiles based
on full sample and four year history exhibit volatility that declines with level, while the
profile based on the most recent year slopes steeply upward, as can be seen in the lower
left panel. The lower right panel of the figure pools all maturities together and estimates
volatility profile assuming the same relationship across all maturities. In this setting, profiles
based on full sample and four year history exhibit rising and falling edges, while the profile
based on the most recent year rises up.

The volatility profiles in figure 9 help interpret for earlier parametric results, particularly
with regard to parameter instability across different subsamples as well as poor fit of some
parametric models. For example,fitting a linear relationship to full sample profiles (red lines)
over the entire range of interest rates is likely to result in virtually flat volatility profile with
an attendant conclusion that the series should be represented as differences. On the other
hand, limiting ourselves to the four year history, we find almost linearly increasing profiles
for all maturities less than 30-year, indicating preference for the return specification for all
maturities except 30-year.

Estimated diffusion coefficient function opens up the possibility for switching the risk
form depending on the contemporaneous level, either between returns and differences or
among a continuum of alternative fractional elasticities. Bottom right panel of figure 9 is
particularly exhortatory as it suggests a cutoff level of about 280 basis points below which
the interest rates are best treated according to a relative change law.

While the guidance that nonparametric methods provide is instructive, it should be
emphasized that the cloud of uncertainty surrounding the diffusion shapes could be uncom-
fortably large unless the sample size is substantial. This is because there is no free lunch in
statistics and not having to make strong parametric assumption must be paid for by the
loss of statistical efficiency, that is wide confidence intervals. Point estimates such as those
in figure 9 ignore estimation uncertainty and, hence, should be taken with a grain of salt.
Nonetheless, when taken as but one element of the battery of statistical methods aimed at
settling the functional form choice, the nonparametric techniques could be a useful final nail
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Figure 9. Level-dependent volatility in US dollar interest rate swap rates.

in the coffin of a dubious risk form proposal, such as the difference representation when the
rates are low.

9. Concluding Remarks

Driven by the need to provide statistical basis to the functional form selection, we
have described a number of techniques to help make that choice. The paper illustrated
three kinds of approaches. In the first category are largely informal and often inconclusive
non-encompassing methods that rank alternative functional forms on the basis of the
stationarity tests and goodness-of-fit measures. In the second category of methods, we
assume parametric elasticity of variance representation of the data generating process.
Here we gain formal statistical ground to select between the two alternatives that are now
nested in the more general specification as well as statistical efficiency. Within this class
we further distinguish three estimation approaches that depend upon ones willingness to
make additional distributional assumptions about model residuals, dependence structure
across multiple related time-series, or ability to put informative priors on parameters of
interest. GMM, maximum likelihood and Bayesian methods basically allow us to refine
bias-variance trade-off within the constant elasticity class of models. Obvious cost to the
parametric methods such as assuming constant elasticity of variance structure is concern
about misspecification. Tight standard errors are of no use if our assumptions are at odds
with true data generating process. Making elasticity variable is perfectly feasible but for
the very wide gamut of choices. Third and final category of methods is designed to address
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misspecification concern by appealing to nonparametric approaches and allows us to estimate
the diffusion coefficient without assuming its functional form but making instead more
general assumptions such as dimensionality, smoothness and existence of moments. Treating
diffusion coefficient as an unknown function of the level of the series makes it possible to
condition the current choice of functional form representation on the most recent values of
the time series, switching between the two as conditions change. The cost is loss of statistical
efficiency. Thus, all three categories are best used together allowing one to move along
bias-variance trade-off frontier and make an educated functional form choice. This course
of action was illustrated with an interest rate dataset where we were able to achieve fairly
robust conclusion that all series in this dataset should be treated in the return space for the
short-to-medium-term risk measurement practice, at least until normalization of the interest
rates take them back above 2.8%.

Final recommendation is to start with non-parametric profiles. Notwithstanding significant
estimation uncertainty, these profiles can inform selection of an pertinent parametric model,
especially if varying elasticity is in order. Armed with the estimated elasticity profiles, an
analysis can proceed to formulating an appropriate variable elasticity model in order to
refine and buttress initial impressions, selecting between the two alternatives as befits the
relevant span of data and a purpose of selection. With this in mind, the risk functional form
choice need not remain something of a black art, mastered only by those stubborn enough
to persevere through a long journey of frustration.

Appendix A. Extended Critical Values of KPSS test

In order to extend the range of critical values of the KPSS test we performed a Monte
Carlo simulation using 2 billion replications of test statistics under the null using artificial
samples of size 1,000. The results are tabulated in table 18.

Appendix B. Nyblom Stability Test

Let θ be the vector of model parameters partitioned as

(
θ1

θ2

)
. The second group of

parameters, θ2 is treated as constant. The martingale formulation underlying the Nyblom
test is

E
(
θ1
t − θ1

t−1

∣∣It−1

)
= 0

E
((
θ1
t − θ1

t−1

) (
θ1
t − θ1

t−1

)′ ∣∣It−1

)
= δ2Vt

for some adapted sequence of information sets It and a known array Vt. If Vt is constant,
the case of constant instability hazard obtains.

The null and alternative hypothesis of the Nyblom test are

H0 : δ2 = 0 H1 : δ2 > 0

For a single observation, define the score vector Sθ1τ = ∂
∂θ1 logL

(
θ1, θ2

)
and the Hessian

of log-likelihood Hθ1θ1τ = ∂2

∂θ1∂θ1′ logLτ
(
θ1, θ2

)
. For the entire sample, Sθ1 =

∑
τ Sθ

1

τ and

Hθ1θ1 =
∑
τ Hθ

1θ1

τ

Under constant instability hazard, the test statistics takes form

L =
1

T
tr

V T−1∑
t=1

(
t∑

τ=1

Ŝθ
1

τ

)(
t∑

τ=1

Ŝθ
1

τ

)′ .

If we further assume V = −
(
Ĥθ1θ1

)−1

. the asymptotic distribution of L is invariant to

nuisance parameters.
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Significance Level
Critical Value

No trend Linear trend

0.000001 2.5146 0.6541
0.00001 2.0567 0.5423
0.0001 1.6121 0.4314
0.001 1.1718 0.3228

0.0025 1.0002 0.2804
0.005 0.8719 0.2487
0.01 0.7455 0.2175

0.025 0.5820 0.1773
0.05 0.4623 0.1477
0.1 0.3479 0.1190
0.2 0.2415 0.0914
0.3 0.1845 0.0755
0.4 0.1467 0.0643
0.5 0.1189 0.0555
0.6 0.0969 0.0480
0.7 0.0786 0.0413
0.8 0.0622 0.0348
0.9 0.0460 0.0278

0.95 0.0365 0.0234
0.975 0.0303 0.0202
0.99 0.0248 0.0172

0.995 0.0218 0.0155
0.9975 0.0194 0.0142
0.999 0.0170 0.0127

0.9999 0.0129 0.0101
0.99999 0.0104 0.0084

0.999999 0.0088 0.0072

Table 18. Extended (right-sided) critical values of KPSS test.

Specializing the above to the CEV model with Student t residuals relies on the following
analytic results.

Sγt =
ν
(

(∆rt − µ)
2 − σ2r2γ

t

)
log(rt)

(∆rt − µ)
2

+ νσ2r2γ
t

,

Hγγt = −2ν(ν + 1)σ2(∆rt − µ)2r2γ log2(rt)(
(∆rt − µ)

2
+ νσ2r2γ

t

)2 ,

Sνt = −1

2

(
log

(
1 +

r−2γ
t (∆rt − µ)

2

νσ2

)
+ ψ

(
0,
ν

2

)
− ψ

(
0,

1 + ν

2

))

+
(∆rt − µ)

2 − σ2r2γ
t

2
(

(∆rt − µ)
2

+ νσ2r2γ
t

) ,

Hγνt =
(∆rt − µ)

2
(

(∆rt − µ)
2 − σ2r2γ

t

)
log(rt)(

(∆rt − µ)
2

+ νσ2r2γ
t

)2 ,
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Hννt =
2
(

(∆rt − µ)
4

+ νσ4r4γ
t

)
+ ν

(
(∆rt − µ)

2
+ νσ2r2γ

t

) (
ψ
(
1, 1+ν

2

)
− ψ

(
1, ν2

))
4ν
(

(∆rt − µ)
2

+ νσ2r2γ
t

)2 ,

where ψ (k, ·) is the polygamma function.
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